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Abstract 

Recent developments in ergodic theory, additive combinatorics, higher 
order Fourier analysis and number theory give a central role to a class of 
algebraic structures called nilmanifolds. In the present paper we continue a 
program started by Host and Kra. We study nilspaces that are structures sat- 
isfying a variant of the Host-Kra axiom system for parallelepiped structures. 
We give a detailed structural analysis of abstract and compact topological 
nilspaces. Among various results it will be proved that compact nilspaces are 
inverse limits of finite dimensional ones. Then we show that finite dimen- 
sional compact connected nilspaces are nilmanifolds with an extra algebraic 
structure determined by a filtration on the corresponding Lie group. The the- 
ory of compact nilspaces is a generalization of the theory of compact abelian 
groups. This paper is the main algebraic tool in the second authors approach 
to Gowers's uniformity norms and higher order Fourier analysis. 
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1 Introduction 

We start with the formal definition of fc-step nilmanifolds. 

Definition 1.1. Let L be a k-nilpotent Lie group. This means that the k-fold 
iterated commutator 

[...[[L,L],L],L...] 

is trivial. Let T be a co-compact subgroup in L. The left coset space N = 
L /r is a compact topological space which is called a k-step nilmanifold. 

Nilmanifolds were first introduced and studied by Mal'cev lfl3l in 1951. 
He proved many crucial facts which can be also found in the book lfT5l . 
Nilmanifolds are interesting from a purely geometric point of view I9l. lfl4"l . 
However recent development ll6l. lfT0l . l22l shows their important role in er- 
godic theory and additive combinatorics. In addition to this a spectacular 
application of nilmanifolds (more precisely nil-sequences) in number theory 
was presented by Green and Tao in 0,0. 

The main motivation for this paper comes from higher order Fourier anal- 
ysis. Let / be a bounded measurable function on a compact abelian group 
A. We denote by A t / the function x H> f(x)f(x + t). The Uk uniformity 
norm of / introduced by Gowers [3), [5) is defined by 

\\f\\u k = (Et I ,i3,... ) tfc^t I ,ia,-.tfc(/)) 
In particular it can be computed that 

ll/lk = (£l(/,x)l 4 ) 1/4 
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where A is the dual group of A. This formula explains the behavior of the 
U2 norm through ordinary Fourier analysis. 

Based on results in ergodic theory ifTOll , 11221 it is expected that the behav- 
ior of the Uk norm is in some sense connected to k — 1 step nilmanifolds. 
However to clarify the precise connection (at least in the second author's in- 
terpretation) one needs a generalization of fc-step nilmanifolds that we call 
fc-step nilspaces. These objects, with a different set of axioms, were first in- 
troduced by Host and Kra IfTOl and studied for fc = 2. Their pioneering work 
paved the way for our theory developed in this paper. 

Before giving the precise definition of fc-step nilspaces we give a list of 
motivations and reasons to generalize nilmanifolds. 

1 . The structures which naturally arise in ergodic theory are not nilmani- 
folds but inverse limits of them. 

2. A fc-step nilspace (even if it is a nilmanifold topologically) has an extra 
algebraic structure which is needed in Higher order Fourier analysis. 

3. In higher order Fourier analysis it will be convenient to study mor- 
phisms between nilmanifolds and nilspaces. It turns out that nilspaces 
are more natural for this purpose than nilmanifolds. 

4. To study Gowers norms of functions on abelian groups with many 
bounded order elements nilmanifolds are not enough. 

5. Nilspaces are directly defined through a simple set of axioms. This 
helps to separate the algebraic and analytic difficulty in Higher order 
Fourier analysis. 

6. Gowers norms can be naturally defined for functions on compact nil- 
spaces. This means that the notion of Higher order Fourier analysis 
naturally extends to them. 

7. Related to the so-called limit theory for graphs and hypergraphs, in- 
teresting limit notions can be defined for functions on abelian groups. 
The limit objects are functions on nilspaces. 

The axiom system of nilspaces is a variant of Host-Kra's axiom system 
ifTTl for parallelepiped structures. Roughly speaking, a nilspace is a structure 
in which cubes of every dimension are defined and they behave in a very 
similar way as in an abelian group. An abstract n-dimensional cube is the set 
{0, 1}™. A cube morphism <f> : {0, 1}™ — > {0, 1}™ is a map which extends 
to an affine homomorphism (a homomorphism plus a shift) from Z™ to Z m . 
Equivalently, cube morphisms are those functions / : {0, 1}" — > {0, 1}™ 
that can be written as f(x\, . . . , x n ) = (j/i, . . . , y m ) where each j/j is either 
0, 1, Xj or 1 — Xj for some j (depending on i). A nilspace is a set N together 
with sets C n (N) C A^ * 1 }" of n dimensional cubes / : {0, 1}" -)■ N for 
every integer n > which satisfy the following three axioms: 

1. (composition): If : {0,1}" — > {0,1}™ is a cube morphism and 
/ e C rn (N) then / o <j, e C n (N) 
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2. (ergodicity): C^N) = N^. 

3. (gluing): Let / : {0, 1}" \ 1" be a map whose restrictions to n — 
1 dimensional faces containing 0" are all cubes. Then / extends to 
{0, 1}" as an element in C n (N). 

We don't always assume the ergodicity axiom. If ./V is not ergodic but 
satisfies the weaker condition C°(N) = N (equivalently: constant maps 
are morphisms) then it can be decomposed into a disjoint union of ergodic 
nilspaces. We say that N is a fc-step nilspace if in the gluing axiom the 
extension is unique for n = k+1. It is not hard to see that 1-step nilspaces are 
affine abelian groups with the usual notion of cubes. A cube / : {0, 1}™ — >• A 
in an abelian group A is a map which extends to an affine homomorphism 
from Z" -)■ A. 

If a set N satisfies the first axiom and that C° (N) = N (but not necessar- 
ily the others) then we say that N is a cubespace. A morphism h: N —> M 
between two cubespaces N and M is a cube preserving map. We require 
that for every / e C n (N) the composition h o f is in C n (M). We de- 
note by Hom(7V, M) the set of morphisms between N and M. In particular 
C n (N) = Hom({0, l} n ,N). With this notion we can introduce the cate- 
gories of cubespaces and nilspaces. 

We say that TV is a compact nilspace if it is a compact, Hausdorff, second 
countable topological space and C n (N) is a closed subset of A^ 0,1 } for 
every n G N. Morphisms between compact nilspaces are required to be 
continuous. 

Remark 1.1. Our cubespaces are presheaves on the category of cubes and 
cube morphisms, i.e., contravariant functors from that category to the cate- 
gory of sets (the composition axiom encodes the functoriality). Morphisms 
of cubespaces are simply natural transformations. Given a category C of 
"geometric objects" such as these discrete cubes, taking presheaves on C is 
a standard way of building a category of "complexes build from gluing to- 
gether those geometric objects", and we will indeed think of cubespaces as 
built out of cubes in this way. Cubespaces are not arbitrary presheaves, in 
that a cube in a cubespace is determined by its vertices (while for an arbi- 
trary presheaf, distinct cubes could share all of their boundary). A cubespace 
structure on a set N is precisely a subfunctor of the functor {0, 1}" M> { 
all functions {0,1}" — > N}. The extension condition defining nilspaces 
among all cubespaces is of the same nature as extension conditions tradi- 
tionally used in presheaf categories, such as the Kan extension condition for 
simplicial sets. 

The present paper consists of two parts. In the first part we study abstract 
nilspaces and in the second part we study compact nilspaces. The main topics 
in abstract nilspaces are the following: 
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1. For every natural number fc and nilspace N we introduce a unique fac- 
tor of N which is a fc-step nilspace. Then we prove basic properties of 
these factors. 

2. We give a structure theorem for fc-step nilspaces in terms of iterated 
abelian bundles. 

3. We introduce a cohomology theory for extensions of nilspaces. 

4. We study a sequence of groups Trans, (N) (introduced by Host and 
Kra) acting on a fc-step nilspace N, They form a central series in the 
fc-nilpotent group Transi (AT). 

The main topics in compact nilspaces are the following: 

1. We generalize the concept of Haar measure for fc-step compact nil- 
spaces. 

2. We prove a rigidity result for morphisms. This means that almost mor- 
phisms into finite dimensional nilspaces can be corrected into precise 
morphisms. 

3. We show that a fc-step compact nilspace is the inverse limit of finite 
dimensional ones. 

4. We show that there are countably many finite dimensional fc-step nil- 
spaces up to isomorphism. 

5. We show that a finite dimensional compact nilspace consists of con- 
nected components that have a nilmanifold structure. In particular 
connected finite dimensional nilspaces are nilmanifolds with a cubic 
structure related to a filtration of the corresponding Lie group.. 

Acknowledgement: The authors are extremely thankful to Yonatan Gutman 
who carefully read an earlier version of this paper and had numerous com- 
ments and suggestions. 

1.1 The role of nilspaces in Higher order Fourier analysis 

This chapter is a short explanation of the papers |[T9l and ll20l which connect 
nilspaces with higher order Fourier analysis. The main goal in lfl9l is to 
establish structure theorems for functions on compact abelian groups in terms 
of Gowers's uniformity norms. To be more precise let / : A — > C be a 
measurable function on the compact abelian group A such that |/| < 1. The 
goal is to decompose / as 

/ = /, + fe + fr 
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where f s is a structured part of bounded complexity, f e is an error with small 
L 2 norm and f r is quasi random with very small Uk norm. We will refer 
to this decomposition as the Uk -regularity lemma. (We omit here the pre- 
cise statement) The main question is the following: What kind of structure is 
encoded in f s ? 

It is proved in [19] and with a different method in 20j that f s is the 
composition of two functions ijj : A — > N and g : N — > C where N is a 
compact finite dimensional k — 1-step nilspace of bounded complexity, ip is a 
nilspace morphism and g is Lipschitz with bounded constant. (We omit here 
the definition of the complexity of a nilspace.) 

The proof of the decomposition theorem is based on a decomposition 
theorem on ultra product groups. Let A be the ultra product of finite (or more 
generally compact) abelian groups. One can introduce a natural measure 
space structure on A and a er-topology (like a topology but only countable 
unions of open sets need be open). A topological factor of A is given by 
a surjective continuous map / : A — > T (called factor map) where T is a 
separable compact Hausdorff space. (Such a factor can also be viewed as 
an equivalence relation on A whose classes are the fibers of /.) Every such 
factor inherits a cubespace structure from A by composing the cubes in A 
with the factor map /. A nilspace factor of A is a topological factor of A 
whose inherited cubespace structure satisfies the nilspace axioms. 

The non-standard Uk -regularity lemma is simpler to state than the stan- 
dard one. It says the following. 

Non-standard £4- -regularity lemma: Every measurable function f : A — > 
C with ||/||oo < oo can be (uniquely) decomposed as f = f s + f r where 
\\f r \\u k = and f s is Borel measurable in a compact k — 1 step nilspace 
factor. 

Note that Uk is only a semi-norm on A so it is possible that f r is not 
but ||/ r ||j7 fc is 0. The non-standard Uk -regularity lemma implies the ordinary 
one using the results in this paper and standard techniques. 

1.2 Nilmanifolds as nilspaces 

Let G be an at most fc-nilpotent group. Let {Gi}^^ be a central series with 
Gk+i = {1}, Gi = G and [Gi, Gf\ C Gi+j. We define a cubic structure on 
G which depends on the given central series. The set of n dimensional cubes 
/ : {0, 1}" — > G is the smallest set satisfying the following properties. 

1 . The constant 1 map is a cube, 

2. If f : {0, 1}" —> G is a cube and g G Gi then the function f obtained 
from f by multiplying the values on some (n — i)- dimensional face from 
the left by g is a cube. 
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This definition builds up cubes by a generating system. However there is 
another way of describing them through equations. For every n we introduce 
an ordering g n : {0, 1}™ — > {1,2,..., 2™} in the following way. If n = 1 
then g x (0) = l,5i(l) = 2. If n > 1 then 

g n (ai, CL 2 , . • • , O n ) = n _i(ai, 0,2, ■ ■ ■ , Ctn-l) 

if a n = and 

g n (ai,a 2 , . . . , a n ) = 2" + 1 - sr n _i(ai,a 2j . . . ,a„_i) 

if a„ = 1. It is clear that (a cyclic version of) this ordering defines a Hamil- 
tonian cycle of the one dimensional skeleton of {0, 1}". 

Definition 1.2. Let G be a group and f : {0, 1}" — > G. We say that f satisfy 
the Gray code property if 

i=l 

A function / : {0,1}™ — > G is a cube if for every i £ N and i- 
dimensional face F the restriction of / to F satisfies the Gray code prop- 
erty modulo G t . If i > k + 1 then we define G\ to be trivial. An easy 
induction shows that cubes in G defined as above are symmetric under the 
automorphisms of {0, l} ra . 

Assume that G has a transitive action on a set N. Then we say that 
/ : {0, 1}™ -> N is a cube if f(v) = xf'W where /' : {0, 1}" G is a 
cube and x 6 JV is a fixed element. It is easy to see that these cubes make N 
into a fc-step nilspace. 

If G is actually a Lie group and N is a nilmanifold G/T, we would want 
the structure above to make N into a compact nilspace, but this is not true 
without a further assumption on the central series: to make C n (N) a closed 
subset of N^ - 1 ^ , we also need that Gi PI V is co-compact in Gi for each i. 
Under that assumption N is indeed a compact nilspace. 



2 Abstract nilspaces 

2.1 Operations with cubespaces and nilspaces 

Cubespaces and nilspaces are algebraic structures and most of the standard 
algebraic operations can be defined for them. However, quite interestingly, 
new operations appear which will be crucial in our proofs. 

Dirct product: If Pi and P2 are cubespaces then we define their direct prod- 
uct as the cubespace Pi x P 2 whose cubes are functions / : {0, 1}" — > 
Pi x P 2 such that the projections fi and / 2 to the direct components are both 
cubes. It is esay to see that direct products of nilspaces are nilspaces. 
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Sub-cubespace: If P is a cubespace than a cubespace defined on X C P is 
called sub-cubespace of P if every cube c : {0, 1}™ — > X is also a cube in 
P. 

Congruence and Factor: Let P be a cubespace and let ~ be an equivalence 
relation on TV. By composing cubes / : {0, 1}" — > P in C n (P) with the 
projection P — > Pj ~we obtain an induced cubespace structure on Pj ~. If 
P is a nilspace then we say that ~ is a congruence if the inherited cubespace 
structure on Pj ~ satisfies the nilspace axioms. The nilspace Pj ~ is called 
a factor of P. We will see that a stronger notion of factor is more useful in 
many application. This will be introduced later. 

Arrow space: If TV is a nilspace then taking direct product with itself yields 
a nilspace structure on TV x N. However there is another interesting cub- 
space structure on N x N and we will refer to it as the arrow space. In this 
construction a map f\ x f 2 : {0, 1}" — > N x N is a cube if the function 
/' : {0,l} n+1 ->■ TV defined by /' (v,0) = fi(v),f(v,l) = f 2 (v) is a cube 
in TV. The arrow space has fewer cubes than the direct product. The arrow 
space is not necessarily ergodic but lemma IXTl implies that it satisfies the 
gluing axiom and so all its ergodic components are nilspaces. 

Higher degree arrow spaces: We will also need the following generaliza- 
tions of the arrow space. The i-th arrow space is a (not necessarily ergodic) 
nilspace on TV x TV. Let fi,f% : {0,1}™ —> TV be two maps. We de- 
note by (/i, f 2 )i the map g : {0, 1}"+* -> TV such that g(v, w) = fi(v) if 
w € {0,1} 1 \{1 1 } and g(v,w) = f 2 (v) if w = l\ If / : {0,1}" -> TV x TV 
is a single map with components f\,f 2 then we denote by (f)i the map 
(/x, f 2 )i- A map / : {0, 1}" — > TV x TV is a cube in the i-th arrow space if 
(f)i is a cube in TV. 

The operator d x . Let x € TV be a fixed element. Then the set TV is embedded 
into the arrow space with the map y h-> (x,y). Using this embedding TV 
inherits a new cubespace structure that we call c^TV. The operator might 
turn an ergodic nilspace into a non ergodic nilspace. More generally, let us 
call a nilspace TV fc-fold ergodic if C k (TV) = TV^ ' 1 ^. It is clear that if TV is 
fc-fold ergodic then d x N is k — 1-fold ergodic. 

2.2 Simplicial nilspaces 

Definition 2.1. Let P be a cubespace and X be a sub-cubespace in P. We 
say that X has the extension property in P if for every nilspace TV and 
morphism f : X — > TV there is a morphism f : P — > TV with / = f'\x- 

If S is a finite set and h is a subset of S then we denote by {0, 1}^ the 
set of vectors supported on h which can be regarded as the discrete cube of 
dimension \h\ in the obvious way. 
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Definition 2.2. Let S be a finite set and H be an arbitrary set system in S. 
The collection of all cube morphisms 

{/: {0,l}"^{0,l}f |neN, h e H} 

defines a cubespace structure on P = U/ i£ h{0, Cubespaces arising 
this way will be called simplicial. 

In the above definition P is a sub-cubespace in the full cube {0, 1} S . 
Note that without loss of generality we can assume that H is downwards 
closed. This means that if h G H then every subset of h is also in H. Such 
set systems are called simplicial complexes. 

Lemma 2.1 (Simplicial gluing). Let S be a finite set and P be a simplicial 
cubespace corresponding to a set system H in S. Then P has the extension 
property in {0, 

Proof. We assume that H is a simplicial complex. Note that the empty set is 
always a member in H. If H is the full complex of subsets in S then there is 
nothing to prove. If H is not the full complex then there is a set h! which is 
not in H but every subset of h! is contained in H. Let H' = H U {h 1 } be a 
new simplicial complex. Let / : P — > N be a morphism into some nilspace 
N. The gluing axiom guarantees that we can extend / to Uh^H' {0, l}f with 
the cubespace structure corresponding to H' . By iterating this step we can 
extend / to the full cube. □ 

Let TV be a nilspace. We say that two cubes fx : {0, l} fc — > N and f% : 
{0, l} fe -> N in C k {N) are adjacent if they satisfy that fx{v, 1) = / 2 (i>, 0) 
foreveryu S {0,l} fc_1 . For such cubes we define their concatenation as the 
function h ■ {0, l} fc -> N with f 3 (v, 0) = fx(v, 0) and f 3 (v, 1) = f 2 (v, 1) 
for every v £ {0, l} fc ~ 1 . 

Lemma 2.2. The concatenation of two adjacent cubes is a cube. 

Proof. Let S = {1, 2, . . . , k + 1}, hx = {1, 2, . . . , k},h 2 = {1, 2, . . . , k - 
1, k + 1} and H = {hx,h,2\. LetPbe the simplicial cube space correspond- 
ing to H. Every pair of two adjacent cubes of dimension k in a nilspace N 
can be represented as a morphism / of P to N. By lemma lzTl the morphism 
/ extends to a morphism /' of {0, 1} S to N. The concatenation of the adja- 
cent pair is the restriction of /' to C = {0, l} fe_1 x {(1, 0), (0, 1)}. On the 
other hand C is a cube in {0, 1} S . □ 

2.3 The 3-cubes 

In this section we define special cube spaces which will be useful in many 
calculations. These will simply be n-cubes of side length two, divided into 
unit cubes. (They are called 3-cubes because they have 3 vertices on each 
side). We will typically use them to form new cubes in a nilspace by gluing 
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together other cubes into a 3-cube and taking the outer vertices, as justified 
in Lemma [231 below. 

Let T n = { — 1,0, 1}™ together with the following cubespace structure. 
For every v 6 {0,1}" we define the injective map $ v : {0, l} n — > T n by 

ty v (wi,W2, ■ ■ -,W n )j = (1 - 2Vj)(l - Wj). 

We consider the smallest cubespace structure on T n in which all the maps ^ v 
are cubes (this just means that the TV-cubes of T n are taken to be the maps 
{0, 1}^ — > T n that factor through the inclusion of some $;,). Note that in 
terms of the direct product introduced above, T n is just (Ti)™. We call T n 
the three cube of dimension n. 

In applications we will need various morphisms from three cubes to ordi- 
nary cubes. Let / : { — 1, 0, 1} — > {0, 1} be an arbitrary function. It is clear 
that / is a morphism of Ti onto the one dimensional cube {0, 1}. Then we 
have that /" : { — 1,0, l} n — > {0, 1}" is also a morphism. Similarly, let / 
be the function /(l) = (1, 0), /(0) = (0, 0), /(-l) = (0, 1). Then q = f n 
is an injective morphism of T n into the In dimensional cube {0, l} 2 ™. By 
abusing the notation we will identify T n with the subset q(T n ) in {0, l} 2 ™. 

The embedding uj : {0, 1}™ -> T n defined by uj(v) = ^(O") maps the 
cube {0, l} n to the set {1, — l} n of "outer vertices" of T n . Note that cj is not 
a cube in the above cubespace structure defined on T n . This fact makes the 
next lemma useful. 

Lemma 2.3. Let m : T n — > N be a morphism into a nilspace N. Then the 
composition m o uj is in C n (N). 

Proof. It is clear that T n is simplicial in {0, l} 2 ™ so by lemma IXTl the map 
to extends to {0, l} 2n . On the other hand w is a cube morphism of {0, 1}" 
into {0, l} 2 ™. □ 

2.4 Characteristic factors 

In this section we introduce factors of nil-spaces that are crucial building 
blocks of them. 

Definition 2.3. Let be the relation defined through the property that x 
y if and only if there are two cubes c\ , C2 S C k+1 (N) such that c\ (0 k+1 ) = 
x, C2(0 fe+1 ) = y and c\(v) = C2(v) for every element v £ {0, l} fc+1 \ 
{0 k+1 }. 

The relation ^ k is obviously reflexive and symmetric. The next lemma 
will imply transitivity. 

Lemma 2.4. Two elements x,y G N satisfy x ^k 1) if and only if there 
is a cube c e C k+1 (N) such that c(0 fe+1 ) = y and c{v) ~ x for all v £ 
{0,l} fe+1 \{0 fc+1 }. 
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Proof. Let ci, C2 be two cubes satisfying the condition in definition ^. 31 Let 
us define the map <j> = f k+1 ■ T k+ i — > {0, l} fe+1 on the 3-cube T k+ i where 
/(-l) = 1, /(0) = 0, / (1) = 1. We denote by g : T k+1 -> TV the function 
which is obtained from ci o <f> by modifying the value on l fe+1 from a; to y. 
The condition on c\ and C2 guarantees that g is a morphism. Using lemma 
53lwe get that q o u> is in C fe+1 (TV). □ 



Corollary 2.1. 77ie relation is an equivalence relation for every teN 
anrf nilspace N. 

Proof. Assume that in ./V three elements satisfy x ^ k V and y ~ k z. then 
by symmetry and lemma 12.41 we obtain that there are two cubes c\ , Ci G 
C k+1 (N) such that ci(0 fe+1 ) = x,c 2 (0 k+1 ) = z and a(v) = c 2 (v) = y for 
every v ^ fe+1 . This means that x ~ k z. □ 

Lemma 2.5. Two elements x,y G N satisfy x ~ k y if and only if for every 
cube ci G C k+1 (N) with ci(0 fe+1 ) = x the map c 2 : {0,l} fe+1 -> N 
satisfying 

c 2 (0 fc+1 ) = y and c 2 (v) = ci(«) V v € {0, l} fc+1 \ {0 fc+1 } 
isinC k+1 (N). 

Proo/ Let = / fe+1 : T fe+ i -> {0, l} fc+1 where /(-l) = l,/(0) = 

0,/(l) = 0. Let g : Tfc + i — > N be the function obtained from c\ o <\> 

by modifying the value on \ k+1 from x to y. Lemma l24l guarantees that g 

is a morphism. According to lemma 12.31 the composition of cj and g is in 
rjk+1 ( N y Q n the other han( j C2= g OLJ _ □ 

Corollary 2.2. For every k G N anaf cube c G C' c+1 (iV) w /iave that if a 
function c 2 '■ {0, l} fe+1 — > N satisfies c(v) ^ k c 2 (v) for every v G {0, l} fe+1 
then c 2 G C k+1 (N). 

Proof. We get the statement by iterating lemma [2~5l Note that by the symme- 
tries of cubes the vector fe+1 can be replaced by any other vector in lemma 
1231 □ 

Corollary 2.3. A cube c G C n (N/ ~fc) is uniquely determined by the ele- 
ments c(v) where v G {0, 1}™ contains at most k one's. 



Proof. For n = k + 1 it follows directly from corollary 12.21 If n > k + 
1 then straightforward induction on the number of one's in v complete the 
proof. □ 

Lemma 2.6. For every k G N and nilspace N the equivalence relation ~fc 
is a congruence. 
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Proof. Let M = N j ~ k with the induced cubespace structure. It is clear 
that M satisfies the ergodicity property. We need to check the gluing axiom. 
Let / : {0,l} n \{l n } — > M be a map which is a morphism of the corner 
of the n dimensional cube to the cubespace M . We need to show that / 
extends to the whole cube {0, 1}™ as a morphism. Let T be the subset in 
{0, 1}" of vectors with at most k + 1 one's in the coordinates. Corollary 12.21 
shows that the restriction of / to T can be lifted from M to N as a morphism. 
Let / denote a lift. Lemma [2~T| implies that / extends to a morphism fa of 
the whole cube {0, 1}™ to N. It is easy to see that the composition (call it 
fa) of fa with the factor map n : N — )• M is equal to / when restricted to 
{0, 1}™ \ {1"}. Now corollary 12.31 shows that the restriction of fa to each 
face in {0, 1}™ of dimension n — 1 and containing 0™ is equal to /. This 
completes the proof. □ 

Definition 2.4. For a nilspace N we denote by Tk{N) the factor N/ 
We say that N is a fc-step nilspace if N = Fk{N). 

Another way of formulating the previous definition is that ./V is a fc-step 
nilspace if and only if every morphism of the corner of the k + 1 cube to N 
extends in a unique way to a morphism of the k + 1 dimensional cube. In 
other words the gluing axiom for fc + 1 dimensional cubes holds in a stronger 
form where uniqueness of the extension is guaranteed. Note that this unique 
closing property also appears in the Host-Kra theory of parallelepiped struc- 
tures. The next simple lemma will be important. 

Lemma 2.7. Assume that P C {0, 1}" is a sub-cubespace in {0, 1}™ with 
the extension property, k is some natural number and N is a nilspace. Then 
every morphism f : P — > J~k(N) has a lift f : P —> J-fc + i(iV) such that f 
is a morphism and f = f modulo ^k- 

Proof. The definition of the cubespace structure on Fk(N) immediately im- 
plies that the statement is true for P = {0, 1}™. If P is smaller then we 
first extend P to a morphism g : {0, 1}" — > Tk(N), then we lift g to some 
morphism g' : {0, 1}" — > J-k+i(N) and finally we restrict g' to P. □ 

Lemma 2.8. Let N be a k-step nilspace and n > fc + 2. A function c : 
{0, l} ra — >• iV is in C n (N) if and only if its restrictions to k + I dimensional 
faces with at least one point with in the last coordinate are all in C k+1 (N). 

Proof. Let P be the set of elements in {0, 1}" with at most fc ones. Note 
that P is the union of the fc-dimensional faces containing 0". The condition 
of the lemma implies that c restricted to such faces are cubes. Using lemma 
12.11 and the fact that N is fc-step we get that there is a unique element c' in 
C n (N) whose restriction to P is equal to the restriction of c to P. We claim 
that c = d . Let t be the maximal integer such that c = d on every element 
v G {0, 1}" with at most t ones in its coordinates. By contradiction assume 
that t < n. Then there is an element w G {0, 1}" with t + 1 ones such that 
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c'(w) 7^ c(w). Since t > k It can be seen that w is contained in a k + 1 
dimensional face F such that every element in F \ {w} has at most t ones 
and furthermore there is at least one point if F with in its last coordinates. 
Such a face can be found by choosing the last k+ 1 elements from the support 
of u> and then changing those coordinates in w. 

We know that the restriction of c to F is in C k+1 (N). Since there is only 
one way of completing F \ {w} to a cube the proof is complete. □ 

2.5 Linear and higher degree abelian groups 

We will see that abelian groups appear in the structures of nilspaces in various 
ways as building blocks. Every abelian group A has a natural nilspace struc- 
ture that we call "linear". Cubes in C n (A) are functions / : {0, 1}" — > A 
satisfying 

/(ei, e 2 , ■ ■ ■ , e n ) = q + gaj (1) 

i=l 

for some elements do, Oi, . . . , a n G A. There is however another way of 
describing these functions. If / satisfies ([U then for any cube morphism 
(f> : {0, l} 2 {0, 1}" we have 

/(0(O, 0)) - f(<f>(0, 1)) - /(</>(!, 0)) + 1)) = 

and it is easy to see that it gives an alternative characterization for linear 
cubes. The advantage of the second description is that it can be naturally 
generalized. For an arbitrary map / : {0, 1}™ — >• A to an abelian group let us 
introduce the weight of / by 

Kf)= E /(«)(- 1 ) fcW ( 2 ) 

where h(v) = Yh=i Vi - 

Definition 2.5. For every k G N and abelian group A let us define the 
nilspace T>k(A) on the point set A in the following way. A map f : {0, 1}" — > 
A is in C n (T>k(A)) if and only if for every morphism <f> : {0, l} fe+1 — > 
{0, 1}" we have that w(f a (f>) = 0. We say that T>k(A) is the fc-degree 
structure on A. 

To check the gluing axiom in T>k{A) is a straightforward calculation. 
Observe that T>k(A) is a fc-step and fc-fold ergodic nilspace. Lemma 12.101 
will show the converse of this observation. The proof uses the next lemma 
which is interesting on its own right. 

Lemma 2.9. One step nilspaces are affine abelian groups with the linear 
nilspace structure. 
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Proof. Let A be a one step nilspace. Let us distinguish an arbitrary element 
e G A and call it identity. For every x, y 6 A we define x + y as the unique 
extension of the morphism defined by /(0, 0) = e, /(l, 0) = a;, /(0, 1) = y 
(of the corner of the two dimensional cube) to (1,1). We need to check the 
abalian group axioms. 

Commutativity of + follows directly from the symmetry of {0, l} 2 inter- 
changing (1, 0) and (0, 1). 

If x, y, z £ A the we can extend the map g(0, 0, 0) = e, ^(1, 0, 0) = 
x, g(0, 1,0) = y,g(0,0, 1) = z to the full cube {0, l} 3 . Let g 2 denote 
the extension. The composition of 172 by the maps 4>\,4>2 ■ {0, l} 2 — > 
{0, l} 3 , 4>i(a, b) — (a, a, b) and (fo(a, b) = (a, b, b) shows associativity. 

If /(0, 0) = x, /(l, 0) = e, /(0, 1) = e then the unique extension y = 
/(l, 1) satisfies x + y = e. □ 

Lemma 2.10. If N is a k-step, k-fold ergodic nilspace then A is isomorphic 
to T>k (A) for some abelian group A. 

Proof. We use induction on k. Lemma [2~9l shows the statement for k = 1. 
Assume that k > 2 and the statement is already proved for k — 1. Let e be a 
fixed element in N. After k — 1 repeated applications of <5 e to A we obtain 
a 1-step nilspace d k ~ 1 N. The condition that A is a single class of <~fc_i 
implies by lemma [2721 that every function / : {0, l} k —> N is a cube. In 
particular d k ~ 1 N is ergodic. Lemma |2~9l implies that d\~ x N is isomorphic 
to an abelian group A with the linear structure. 

Let M be the arrow space over A. Since k > 2 we have that M is 
ergodic. Cubes of dimension k + 1 in A are in a one to one correspondence 
with cubes of dimension k in M. We claim that two arrows x = (x±, 22) and 
U = (2/1,2/2) in M are ^fc_i equivalent if and only if x\ — x 2 — 2/1 — 2/2 m 
A. First notice that M is in a single ~fc_2 class and so the factor J r fc_i(M) 
satisfies the condition of the lemma with k — 1. Let / : {0, l} fc — >• M be the 
map defined in a way that /(0 fc ) = x, /(l, 0, 0, . . . , 0) = y and f(v) = e 
everywhere else. The induction hypothesis guarantees that x = y in the 
factor Tk-iiM) if and only if / is a cube in M. This shows that x ^k-i 2/ if 
and only if x±,X2,yi, 2/2 form a two dimensional cube in d k ~ 1 N = A. This 
proves the claim. 

We obtain from the claim that if c £ C k+1 (N) is an arbitrary cube then 
if we add the same element in a G A to the c values of two endpoints of an 
arbitrary edge in {0, l} fe+1 then the resulting new function is still a cube. By 
repeating this operation we can produce a new cube c' in which all but one of 
the vertices are mapped to e. Using that constant functions are all cubes and 
the unique closing property we obtain that c' has to be the constant function. 
In other words c can be obtained from the constant function with the inverses 
of the previous operations which shows that all the cubes are in T>k(A). The 
fact that every 2 fc+1 — 1 points can be completed to a cube shows that the 
cubes in A are exactly the cubes in T>k(A). 
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Corollary 2.4. If N is a k-step nilspace then every equivalence class of 
is an abelian group with the k-degree structure. 

2.6 Bundle decomposition of nilspaces 

We give a structure theorem for fc-step nilspaces which follows relatively 
easily from the axioms but which is useful as an intermediate step to prove 
deeper structure theorems. 

Definition 2.6. Let A be an abelian group. An ( abstract) A-bundle over a 
set S is a set T with an action a : A x T — > T and a bundle map n : T — > S 
such that 

1. the action a is free i.e. the stabilizer of every element is the trivial 
subgroup in A, 

2. 7r gives a bijection between the orbits of A in T and the elements of S. 

A fc-fold abelian bundle with structure groups A\ , A% , . . . , Ak is the last 
member of a sequence Tq , T\ , . . . , Tk of "factors " where Tq is a one element 
set and Tj is an Ai bundle over Tj_x. These objects come together with 
projections (bundle maps) 7Tjj : Tj — > Tj for i > j. By abusing the notation 
we use the shorthand notation itj for 7Tjj. A relative fc-fold abelian bundle 
is a generalization of a k-fold abelian bundle whose base Tq can be arbitrary. 

Note that if T is an A-bundle over S then fibers (preimages of points 
under tt) can be regarded as affine versions of A. We will use the short 
hand notation x + a for a (a, x). There is no distinguished bijection between 
the elements of a fiber F and A but there is a well defined difference map 
F x F — > A which, if x, y G F, is given by the unique element in a G A 
satisfying y + a = x. We simply denote the difference of x and y by x — y. 

Definition 2.7. A degree-fc bundle N is a cubespace that also has the struc- 
ture of a k-fold abelian bundle with structure groups A\,A%, . . . , Ak and 
factors 

Tq, T\, . . . , Tfc = N with the following property: For every < i < k — 1, 
n G N and c G C n (Tj + i) we have that 

{c 2 \c 2 G C n (T i+1 ) , TTi o C = m o C2 } = {c + c 3 \c 3 G C n (V l+1 (A t+1 ))} 
where C n {T t ) =-Ki(C n {N)). 

Theorem 1 (Bundle decomposition). A cubespace N is a degree-k bundle 
if and only if N is a k-step nilspace. Furthermore Fi{N) is equal to Tifor 
every 1 < i < k. 
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Proof. First we show that if TV is a degree-fc bundle then it is a fc-step nil- 
space. It is clear that A satisfies the ergodicity axiom. It remains to show 
the gluing axiom. We use induction on i to prove it in Ti. If i = then the 
statement is trivial. 

Assume that we have gluing in T t . Let / : {0, 1}" \ {1™} -5- T i+1 be a 
morphism of the corner of the n-dimensional cube. The map 7r,; o / has an ex- 
tension f 2 : {0, 1}" -> T t to the full cube. Since C n {TA = ir,i{C n {N)) we 
have that f 2 can be lifted (with respect to TTi) to a morphism : {0, 1}™ — > 
T i+1 . Let us consider / 4 = / - / 3 on {0, 1}™ \ {1"}. It follows by definition 
that /4 is a morphism of the corner to T>i + i (Ai + \ ) and so it can be extended 
to a morphism f§ : {0, 1}™ — > V i + i(Ai + i) . Now it is clear that + f§ is 
an extension of / to the full cube. The definition of degree-i bundles implies 
that Fi{N) =Ti. 

We prove the other direction by induction on k. The step k = is trivial. 
Assume that it holds for k — 1 and N is a fc-step nilspace. By induction we 
have the k — 1 degree bundle structure on J r fc_i(A r ). 

First we show that every ~fc_i class F (with the restricted cubic struc- 
ture) is isomorphic to T>k(Ap) for some abelian group Ap. By lemma 
12.101 it is enough to check that F is a fc-fold ergodic, fc-step nilspace. If 
x e F is a arbitrary element then the constant x function on {0, l} fc is in 
C k {N) and so by lemma f22\ every function {0, l} fc -> F is in C k (N). Let 
/ : {0, 1}" \ {1"} — > F be a corner where n > k + 1. Since A is a fc step 
nilspace we have that / has a unique completion to a cube /' : {0, 1}" — > N. 
In the factor Fk-i(N) the function / becomes constant and so the only com- 
pletion is the constant function. This shows that /' maps {0, 1}" to F and 
thus F is a fc-step nilspace. 

Let M = {(x,y)\x,y € N, x y} C NxN. Note that FxF C M 

holds for every class F of ~k-i- We introduce an equivalence relation ~ on 
M. Let Fi,F 2 be two classes of a fc-step nilspace iV. If Xi,x 2 G 

and ^,2/2 £ F 2 then we say that {x 1 ,x 2 ) ~ (yi,y 2 ) if (zi,yi) ~fc-i 
(2^2, 2/2) in the arrow space AT' of N . Note that A' is not necessarily ergodic 
but it will not cause any problem. 

A simple description of the equivalence relation ~ follows from lemma 
l24l Letc : {0,l} fe+1 -» N be the function such that c(v, 0) = X\,c{v, 1) = 
yi if u G {0,l} fe \{l fe } andc(l fe ,0) = a;2,c(l fc ,l) = y 2 . Then (a;i,X2) - 
(2/1,2/2) if and only if c G C fe+1 (A). In particular it follows that for every 
xi,x 2 € -Fi and 2/1 6 F 2 there is a unique y 2 such that (xi, x 2 ) ~ (2/1,2/2)- 
This follows from the fact that c restricted to {0, l} fc+1 \ {l fc+1 } is a corner 
and since A is a fc-step nilspace it has a unique completion y 2 . The fact that 
y 2 has to be in F 2 follows by taking the situation modulo ~fc_i where the 
unique completion has to be congruent to j/i since x 2 is congruent to x\. 

If F is a ~fe_i class and x±, x 2 , 2/1, 2/2 G ^ then (xi,x 2 ) ~ (2/1,2/2) if 
and only if X2 — xi = 2/2 — 2/1 holds in the abelian groups Ap. In other 
words, inside one class of ~fc-i, the elements of Ai? are in a bijection with 
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the ~ classes of vectors in such a way that a e Ap corresponds to the class 
of pairs of the form (x, x + a). Using this, if F\ and F 2 are two ~fc_i classes 
then there is a natural bijection <j> between Af 1 and Ap 2 such that (j>(a) = b 
if and only if (x, x + a) ~ (y, y + b) for every x E Fi and y € F 2 . 

We show that the map <f) is an isomorphism between Ap x and Ap 2 . It 
is clear from the definition of ~ that if (xi, X2) ~ (yi, y 2 ) and {x 2 , X3) ~ 
(j/2, 2/3) then (xi,X3) ~ (2/1,2/3)- Inside one fiber the class of (xi, X3) corre- 
sponds to the sum of the group elements represented by (xi,X2) and (x2,X3). 
It follows that (f> preserves addition in both directions and so it is a group iso- 
morphism. 

Let us denote by A the unique abelian group formed by the ~ classes in 
F x F for each ~k-i class F, The group A acts on each ~k-i class and 
so on the whole space N. We denote this action by simple addition. This 
action satisfies that if x S Fx, y € F 2 the (x, x + a) ~ (y,y + a) for every 
a 6 A. It follows that if c : {0, l} fe+1 -> TV is any cube and a 6 A then 
by applying the action of a to the two endpoint of an arbitrary edge in c we 
get a cube. Assume now that two cubes c\ and c 2 in C k+1 (N) satisfy that 
c\ ~fc— 1 c 2- Then by repeating the previous operations we can create a new 
cube c 2 from c 2 that differs from ci at most at one vertex. Using the unique 
closing property this implies that c' 2 = cx and c 2 — Ci S "Dfc(^4). □ 

An interesting consequence of theorem [T] is that in a fc-step nilspace A r 
the classes are all isomorphic abelian groups with fc-degree structures 

and there is a distinguished set of affine isomorphisms between any two of 
them. Let Fx and F 2 be ^k-i classes and let us fix elements x e Fx and 
y £ F 2 . Then the map <f>(x + a) = y + a , a 6 A% defines an affine morphism 
between Fx and F 2 . Such maps will be called local translations. The next 
characterization of local translations follows directly from theorem[T] 

Lemma 2.11. Let N be a k-step nilspace. Let us fix two ^k-i classes Fx , F 2 
and two elements x G Fx, y 6 F 2 . For every z G Fx we denote by 4> x ,y(z) 
the unique closure of the corner c : {0, 1}' C+1 \ {l fe+1 } — > N defined by 
c{v,0) =xifv ^ (l k ,0), c(l fc ,0) = zandc(v,l) = yifv € {0, l} fe \{l fe }. 
Then the map (f> XjV is the local translation corresponding to x and y. 

2.7 Sub-bundles and bundle morphisms 

This is a very technical part of the paper. The main application is that the 
results below will help us in putting a probability space structure on homo- 
morphism sets. 

Definition 2.8. Let be a k-fold abelian bundle with structure groups 
Ax, A 2 , . . . , Ak, factors Tq , Tx , . . . , Tfc and projections ttx, ~k 2 , . . . , 7Tfc. We 
define the notion of a sub-bundle ofT^ with structure groups A[ < Ax , A' 2 < 
A 2 , . . . , A' k < A k and factors Tq = T 0l T{ C T x , . . . C T k . Ifk = 
then Tq = To and both are equal to a one point space. For a general k we 
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have the condition that T^_^ = 7Tfc-i(T^) is already a sub-bundle and for 
every x £ T' k we have that 

{a | a £ a + x £ T^} = A*.. 

/n particular if k = 1 f/ien a sub-bundle is just a coset of A[. 

An important example for sub-bundles is the following. Let P = {0, 1}" 
be a cube and TV be a fc-step nilspace. Let us consider the natural embedding 
Hom(P, TV) into the direct power N p . This means that every homomor- 
phism : P — s- TV is represented by the vector whose component at coordi- 
nate p £ P is 4>{p). According to theoremQ] Hom(P, TV) is a sub-bundle in 
TV P with structure groups Hom(P, X\(Aj)). 

Definition 2.9. Let T = Tf. and T' = T' k be two k-fold abelian bundles with 
structure groups {Aj}fL 1 ,{yl£}|_ 1 and factors {T,}|L ,{T/}f_Q. We define 
the notion of a bundle morphism ip : T — > T' with structure morphisms 
{oii : Ai — > A'i} by the next two axioms. 

1. If 1 < i < k we have TTi(x) = TTi(y) then TTi(ijj(x)) = 7T; (?/>(?/)). In 
other words tJj induces well defined maps ipi : Ti — > T[ 

2. ipi(x + a) = ipi(x) + ai{a) where 1 < i < k, x 6 Ti and a G Ai. 

We say that ip is totally surjective if all the structure morphisms are surjec- 
tive. 

Now we generalize the concept of the kernel of a homomorphism be- 
tween abelian groups to totally surjective bundle morphisms. The general- 
ized kernel is a relative abelian bundle. 

Definition 2.10. Let ip : T — > T' be a totally surjective bundle morphism. 
We use the notation of definition \2.9\ The kernel of ip is a relative k-fold 
abelian bundle K on T with base T' and structure groups {kcr(ai)}^ =1 
defined in the following way. Let 

Ki = {(x,y) g ^ x Ti\^(x) = n (y)}. 

For 1 < i < k we let ker(a.;) act on Ki by (x, y) + a = (x + a, y). Further- 
more the projection iTi : Kj — > Ki is defined by TTi(x,y) = (iti(x),y) for 
3 > i- 

Remark 2.1. We will identify Kk with T^ using the bijection (x, y) <-> x 
and Ko with T' k using the bijection and (x, y) <H- y. It is easy to see that under 
these identifications, tto ■ Kk — s> Kq becomes identified with -0 : T — > T'. 

The next lemma justifies the previous definition. 

Lemma 2.12. The map Ui-i : Ki — > Ki-\ is a kcr(ai) bundle. 
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Proof. First we check that 7Tj_i is surjective. Let (x,y) € -fQ-i which 
means that ipi_i(x) = 7Ti_i(i/). Let z G Ti be such that 7r^i(z) = .t. Since 
^-1(^(2;)) = Vi-i(7i"i-i(-2)) = = TTi-i(y) there exists a' e A- 

such that ?/>i(z) + a' = Hi(y). Since a.; is surjective there is a 6 A,: with 
a;(a) = a'. Then the pair (z + a, y) is in K{ and maps to (x, y). 

Clearly kcr(«i) C A; acts freely on Ki, so it remains to check that it acts 
transitively on the fibers of 7Tj_i. Let (xi,y) and (22, 2/) with be any elements 
in the same fiber of tt^i : Ki — > -Kj_i. Since 7Ti_i(a-i) = 7r.i_i(a-2) there 
is a G A; with x\ = X2 + a- Then ni(y) = ipi(xi) = ipi(x2 + a) = 
^i{x2) + cti(a) = TTi(y) + oti(a) which implies that a e kcr(«i). □ 

Lemma 2.13. Let ip : T ^ T' be a totally surjective bundle morphism. Then 
for every t' £ T' we have that ip~ l {t') is a sub-bundle ofT with structure 
groups {ker(a i )}*L 1 . 

Proof. This can be easily seen by using the relative abelian bundle K = 
ker(ip). First, it is clear that the fiber of K above t' inherits the structure 
of a fc-fold abelian bundle with structure groups {kci(ai)}^ =1 . By remark 
12.11 this fiber is Next, it is easy to see that K itself is "like" a sub- 

bundle of T, more precisely, it satisfies the conditions in the definition of 
sub-bundle except that it is not true that Ki C Tj. Instead we have the maps 
Ki — > Ti defined by (x, y) *-> x. These maps are not inclusions, of course, 
but they become inclusions when restricted to ^> -1 (t'), so that is a 

sub-bundle of T. □ 

Lemma 2.14. A morphism ip between two k-step nilspaces N and N' in- 
duces a bundle morphism between the corresponding k-degree bundles T 
and T'. 

Proof. Lemma [2~4l shows that if x y then ip(x) ~j ip(y)- This verifies 
the first axiom. 

First we prove the second axiom when the nil-spaces are of the form 
T>i(Ai) and £>i(A£). The abelian group structure of Aj and A\ can be re- 
covered by applying d^T 1 to the cubic structure with some fixed element x 
in Ai or A\. It is clear that ijji preserves this structure and so ipi has to be 
an affine homomorphism between the two abelian groups which means that 
ipi(x + a) = ipi(x) + a(a) where a is a homomorphism. 

Now let F be a class in T, . Then F = X>(A) and by the first part of 
the proof we have that ipi restricted to F satisfies ipi(x + a) — ipi (x) + otF (a) 
where x £ F,a E A^ and cuf '■ Ai —> A\ is a group homomorphism. 

It remains to show that we have the same group homomorphism qj? cor- 
responding to each class. This follows from the fact that the relation ~ 
defined in the proof ofQ]is preserved under ipi because it is defined through 
cubes. □ 
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2.8 Fiber surjective morphisms 



In this chapter we introduce a family of morphisms which have useful prop- 
erties. Such morphisms come up naturally in various structure theorems (see 
for example theorem|U). 

Definition 2.11. A morphism ip : N± —> N2 between two nilspaces will be 
called fiber surjective if for every neN the image of a ~„ class in N\ is a 
~ n class in N2. 

This definition immediately implies that if N\ is a fc-step nilspace then 
N2 is an at most fc-step nilspace. It is also clear that ip induces fiber surjective 
maps between the factors J-~i(Ni) and J-^A^) for every natural number i. 
Note that lemma l2~T4l implies that a fiber surjective map between two fc-step 
nilspaces is a totally surjective bundle morphism between the corresponding 
fc-fold bundles. A natural way of viewing a fiber surjective map ip : Ni — > 
N2 is that N2 is a factor space of Ni using the equivalence relation x ~ 
y <J=> ip(x) = ip(y)- The next lemma verifies that the induced cubic 
structure on N\J ~ is identical with the cubic structure on 7V2 and thus ip is 
a factor map. 

Lemma 2.15. Let <p : N — > N' be a fiber surjective morphism between 
two k-step nilspaces. Then every cube c G C' n (N') can be lifted to a cube 
d G C n (N) such that cp o c' = c. In other words N' is a factor nilspace of 



Proof. The proof is an induction on fc. If k = then there is nothing to 
prove. Assume that we have the statement for k — 1. The map <f> induces 
a map <f>' from Fk-i{N) to Fk-i{N'). This means (using lemma \TJ\ that 
there is a cube C2 G C n (N) such that o C2 ^k-i c and so C3 = <fi o 
C2 — c is in C n (T>(A' k )). Now it is enough to find a lift C4 of C3 under 
the surjective homomorphism : Ak — > A' k because then C2 — C4 is a 
lift of c. The existence of C4 follows by first considering an arbitrary lift 
of a fc-dimensional corner of C3 and then by extending it (uniquely) to an 
n -dimensional cube. □ 

An important example of a fiber surjective map is the following. Let N 
be a fc-step nilspace with structure groups A\ , A2, ■ . ■ , Ak and let B C Ak be 
a subgroup of A. We introduce a nilspace denoted by Nj B in the following 
way. Let us say that two elements 1,1/ £ JV satisfy x y if x ~fc_i y 
and x — y G B. The elements of N/B are the equivalence classes of ~b. It 
follows from theorem [TJ that N/B is a factor of N and the projection N — > 
N I B is fiber surjective. 

2.9 Restricted morphisms 

Definition 2.12. Let X c P be a subset of the cubespace P and let f : 
X — s> N be an arbitrary function. We define the restricted homomorphism 



N. 
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set Hom/(P, N) as the collection of those morphisms whose restrictions to 
X is equal to f. 

Lemma 2.16. If X is a sub-cubespace of P with the extension property in P 
and P is a sub-cubespace of {0, 1}™ with the extension property then for ev- 
ery morphism f : X — > N into some finite step nilspace N the restricted ho- 
momorphism set Hom/(P, N) is a sub-bundle in N p with structure groups 

Hom x ^o(P,A(^i)) 
where A4 is the i-th structure group of N. 

Proof. To obtain this bundle structure we use an iterative argument. As- 
sume that N is a fc-step nilspace and the result is already established for 
Nk-i = J-k-i(N). Let fi : P — > Nk-i be a morphism whose restric- 
tion to X is / modulo We claim that fi can be lifted to an el- 
ement of fs G Horn f (P, N) and that the set of possible lifts is exactly 
f 3 + -Rom x ^ {P,V k {A k )). 

Lemma [Z7l implies that there is a lift g : P — > N of Then the 
function g 2 = g\x — f is a morphism from X to T>k(Ak). By the extension 
property there is a morphism 93 : P — )• T>k{Ak) extending this morphism. 
Then fs=g — .93 is in Horn/ (P, N) and is a lift of f%. The second claim is 
trivial. □ 

Remark 2.2. The proof of lemma 12.161 does not require the full extension 
property. It is enough to assume that morphisms into finite step nilspaces 
have extensions. This will be important in a special construction later. 

Lemma 2.17. Let P C {0, 1}™ be a sub-cubespace with the extension prop- 
erty in {0, 1}™ and X C P be a sub-cubespace with the extension property 
in P. Let ip : N — > N' be a fiber surjective morphism between two k-step 
nilspaces. Then 

1. Hom(P, N) is a sub-bundle in the direct power N p with structure 
groups Hom(P, T>i(Ai)) 

2. ip p : Hom(P, N) — > Hom(P, N') is a totally surjective bundle mor- 
phism with structure morphisms 

of : Rom(P,Vi(Ai)) -> Hom(P, V l (A' i )) 

3. The preimage oft G Hom(P, N') under (ip p )~ 1 is a bundle with struc- 
ture groups Hom(P, I?i(ker(aj))). 

4. Let t e Hom(P, N') and let t 2 £ Hom(X, N') be its restriction to 
X. Then the projection irx from (ijj p )~ 1 (t) to ("0 P2 ) _1 (i2) is a totally 
surjective bundle morphism. 
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Proof. We prove the first statement by induction on k. For k — it is 
trivial. If we know the statement for k — 1 then we have by lemma 12.71 
Hom(P, Jfc-i (N)) = 7Tfc_i(Hom(P,iV)) and so we have that 7r fc _i(Hom(P, N)) 
is a sub-bundle of T k -i(N) p . Let .g G Hom(P, T k -i(N)). If g' is any lift 
of g to -/V then by theorem[T]the other preimages of g are exactly those that 
differ from g' by an element in Hom(P, T>k{Ak)), which is clearly a sub- 
group in A P . 

For the second statement we check the two axioms of bundle morphisms. 
The first axiom follows from the fact (use lemma [2~4b that the map ip p pre- 
serves the relation Let c 6 Hom(P, ^(N)). It is clear that the structure 
morphisms are given by af on Hom(P, T>i{Ai)) but we have to show that 
they map surjectively to Hom(P, T>i(A' i )). This follows from lemma |2~T31 
The third statement follows directly from lemma [2~T3l 
In the fourth statement the structural maps are computed as 

Hom(P,2? 4 (ker(a l ))) -» Hom(X, 2?(kcr(a l ))). 

It follows from the extension property of X that these are surjective maps. 

□ 

2.10 Extensions and cohomology 

Definition 2.13. Let N be an arbitrary nilspace. A degree k-extension of 
N is an abelian bundle M over N which is a cube space with the following 
properties. 

1. For every n £ N we have ir{C n (M)) = C™ (TV), 

2. lfc x 6 C n (M) and c 2 : {0,1}" -)■ M with tt(ci) = 7r(c 2 ) then 
c 2 G C n (M) if and only if a - c 2 G C n (D k (A)). 

The map tt is the projection from M to N. The extension M is called a split 
extension if there is a cube preserving morphism m : N —¥ M such that 
7r o m is the identity map of N. 

A motivation to study such extensions is that we can obtain every fc-step 
nilspace from a trivial nilspace by k consecutive extensions of increasing 
degree. To understand extensions we will need the notion of cocycles. 

If a is an automorphism of the cube {0, l} k then the we define s(<x) := 
(— l) m where m is the number of l's in the vector er(0 fe ). The automorphism 
cr also acts on C k (N) by composition. 

Definition 2.14. Let N be a nilspace and A be an abelian group. A cocy- 
cle of degree k — 1 is a function p : C k (N) —> A with the following two 
properties. 

1. Iff G C k {N) andae aut({0, l} fc ) then p{a(f)) = s{&)p(f). 

2. If fs is the concatenation of two cubes fi, f 2 G C k (N) then p(fs) = 
p(/i) + p(/ 2 )- 
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Let Yfc (TV, A) denote the abelian group of all A-valued cocycles of degree k 
with respect to the pointwise addition. In particular y_i(TV, A) denotes the 
set of all A-valued functions on TV. 

Let t G Hom(Tfe, TV), G be an abelian group and r : C k (N) ->• G be an 
arbitrary function. We introduce /J(t, r) £ G by 

/?(t,r)= 2 (3) 
■ue{o,i} fc 

where h(v) = £\ =1 

Since the outer cube {— 1, 1}™ of T n can be obtained iteratively by con- 
catenating cubes of the form ^ v the next lemma is easy to see. 

Lemma 2.18. Let T n be the three-cube of dimension n and let t : T n TV 
be a morphism into a nilspace TV. Assume that p is a cocycle on TV of degree 
n — 1. Then 

/3(t,p) = p(tow). 

Any k — 1 degree cocycle p induces a degree k cocycle that we denote by 
dp. The value of dp on c G C k+1 (N) is the difference of p on two opposite 
faces of c. To be more precise let cq and c\ be the restrictions of c to the 
cubes {0, l} fe x {0} and {0, l} fe x {1}. Then dp(c) = p(c ) - p(a). We 
have that d : Yk~i(N, A) — > Yk(N,A) is a homomorphism for every k > 0. 

Definition 2.15. A coboundary of degree k is an element of the group d k+1 Y^ i (N, A). 
We denote by H k (N, A) the factor group Y k (N, A) /a fe+1 F_i(iV, A). 

We show that the elements of Y k (N, A) describe degree fc-extensions of 
TV. Two extensions are equivalent if they have the same image in the factor 
Hk(N, A). In particular coboundaries represent split extensions. 

First we show that extensions of degree k generate cocycles of degree k. 
The other direction will be shown in the chapter of measurable cocyles. 

Let M be a degree fc-extension of N by the abelian group A. Let it denote 
the projection M — >• TV. For every n £ TV we choose an element x{n) with 
7r(x(n)) = n. Such a function x will be called a cross section. Furthermore 
if m G M is an arbitrary element then we introduce f(m) = m ~ x(Tv(m)). 
For an arbitrary cube c G C k+1 (M) we define 

p(c)= J2 f(c(v))(-l) Hv) - 

v£{Q,l} k + 1 

It is clear that the value of p depends only on the tt image of c and so we 
can also interpret p as a function p : C fc+1 (TV) — > A. It is also clear that p 
satisfies the cocycle axioms. We say that p is the cocycle generated by the 
cross section x. 



23 



2.11 Translations 



For an arbitrary subset F in {0, 1}" and map a : N —> N we define the map 
a F from C n {N) to N^- 1 ^ such that a F (c)(v) = a{c{v)) if v G F and 
a F (c)(v) = c(v) ifv^F, 

Definition 2.16. Let N be a nilspace. A map a : N — > N is called a 
translation of height i if for every natural number n > i, n — i dimensional 
face F C {0, 1}™ and c E C m (N) the map a F (c) is in C n {N). We denote 
the set of height i translations by TranSj(iV). We will use the short hand 
notation Trans(-/V) for Transi(./V). 

Note that transformations in TranSj(iV) were first introduce by Host and 
Kra ifTUl . ifTTl related to both ergodic theory and parallelepiped structures. It 
is clear from this definition that 

Transi(iV) D Trans 2 (iV) D Trans 3 (iV) D .... 

Lemma 2.19. A map a : N — » N is in TranSi(iV) if and only if the map 
h : N — > N x N defined by h(n) = (n, a(n)) is a morphism into the i-th 
arrow space. 

Proof. It is clear that a G Trans^ (N) implies that ft, is a morphism. For the 
other direction assume that h is a morphism. Let c G C™ (N) be such that 
n > i. Let F C {0, 1}™ be the n — i dimensional face with 0's in the last i 
coordinates. Using the symmetries of cubes it is enough to show that for this 
particular face a F {c) G C n {N). 

Let Q = {0, l} n ~ l x {-1, 0, l} 4 = {0, 1}™" 4 x T u let /i be the identity 
on {0,1} and / 2 be the function with / 2 (-l) = l,/ 2 (0) = 0,/ 2 (l) = 0. Let 
/ = f[ ll xf2- The function h = c o / is a morphism from Q to N. Let hi be 
the function obtained from h by applying a to the values on {0, x 1\ 

It is easy to see from our assumption that hj is also a morphism to N. On 
the other hand by lemma |2T| the restriction of h! to {0, l}™ -4 x { — 1, l} 1 is 
a morphism to N . This restriction is equal to a F (c). □ 

Note that definition 12 . 1 61 implies that translations preserve cubes. Recall 
that two cubes in C™ (N) are called equivalent if they are two opposite faces 
of a cube in C n+1 (N). It is clear that a map a is a translation if and only if 
a(c) is equivalent with c for every cube c G C n (N). The next lemma shows 
a strengthening of this fact for fc-step nilspaces. 

Lemma 2.20. Let N be a k-step nilspace. An arbitrary map a : N —> N is 

a in TranSi(iV) if and only if for every c G C k (N) we have that (c, a(c))i G 
C k+l {N). 

Proof. Let c G C n (N) be an arbitrary cube and let d = (c,a(c))i. By 
lemma 12.191 it is enough to prove that d G C n+t {N). formed by c and 
a(c) as two faces. Using lemma |2~81 it is enough to show that d restricted 
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to k + 1 dimensional faces in {0, 1}™ with at least one point with in the 
last coordinate are cubes. This follows immediately from the condition of 
the lemma. □ 

Lemma 2.21. Let N be a k-step nilspace. Then translations restricted to 
classes are local translations. 



Proof. It follows from lemma |2~4| that if x ~k-i V then a(x) ~fc_i oi(y). 
Lemma [2.1 11 shows that if the ^k-i classes of x and a(x) are F\ and F2 
then a(x + a) = a(x) + a for an arbitrary element a in the structure group 
A h . □ 

Lemma 2.22. If N is a k-step nilspace then Transi(iV) (and thus also 
TranSi(A^) for every i > 1) is a group. 

Proof. By induction on k and using lemma f22l\ we get that translations are 
invertible transformations. We need to show that the inverse of a translation 
a is again a translation. We go by induction on k. Assume that we have 
the statement for k — 1. Then in particular we have that the image of a 
k dimensional cube c under a -1 is a cube modulo This means by 

lemma [2721 that a _1 (c) is also in C k (N). Since a(a _1 (c)) = c we obtain 
that (a _1 (c),c) £ C k+1 (N). By lemma l2~20l applied with i = 1 the proof 
is complete. □ 



2.12 Translation bundles 

Let N be a fc-step nilspace and let a be an element in Trans^-^/c-i (N)). We 
say that a can be lifted to Trans^ (JV) if there is an element a' <G TranSi (N) 
such that 7Tfc_i(a'(n)) = a(7Tfe_i(n)) holds for every n € N. Recall that 
7Tfc_i is the projection to ^-fc_i(iV). Our goal is to understand when can a be 
lifted this way. We introduce a nilspace whose algebraic properties decide if 
there is such a lift or not. 

Let T = T(a, N, i) be the set of pairs (x,y) £ N 2 where a(nk—i(x)) = 
7Tfc_i (y). We interpret T as a subset of the i-th arrow space over N. It is easy 
to see that if k > i + 1 then T is an ergodic nilspace with the inherited cubic 
structure. 

We define T* as Fk-i{T). We will use the next two algebraic properties 
ofT*. 

1 . The group x acts on the space T by 

(x,y) h-> (a; + ai,y + a 2 ). 

This action induces an action of on T* ■ For 01, 02 £ Ak we have 
that (x + a%,y + a 2 ) ~jt-x 2/) if and only if ai = 02. It follows 
that the elements of T* represent local translations <fs : F\ — > F 2 where 
i 7 !, F2 are classes in A 7 with a{F\) = i 7 ^- 



25 



2. The map (x, y) n- x creates a map T — > N . It induces a map 7 
T*^F k -x(N). 



Combining these two facts one can see easily that T* is a degree k — i 
extension of Fk-i(N) by At- 

Proposition 2.1. Let N be a k-step nilspace and a G Trans,:(.7 : / c _i(iV)). 
If T* = T* (a, N,i) is a split extension then a lifts to an element /3 G 
Trans, (AT). 

Proof. Let 7' : Fk-i(N) — » T* be a morphism such that 7 o 7' is the 
identity map. The element 7'(7Tfe_x(a;)) in T* represents a local translation 
from the ~fc_i class F\ of a; to the class a(Fi). Let j3(x) denote the image 
of x under this local translation. We claim that the map j3 is in TranSi(Af). 
Let h : N ^> N x N be the map defined by h(n) = (n, (3(n)). According 
to lemma |2~20| it is enough to show that for every c <G C k (N) we have that 
h o c is a cube in the i-th arrow space on JV x JV. Since 7' is a morphism we 
have that 7'(7i>_i(c)) is in C k (T*)- By lemma I2T2I we obtain that any lift of 
7(7r fc _i(c)) toTis in C* fe (T). The pairs {(c(v), P(c(y)))\v e {0,l} fe }form 
such a lift. This shows that ft o c in a cube in T. □ 

The condition of lemma |2~T| holds for a if and only if 7o(a, AT) is a 
split extension. A way of checking the condition is to show that the cocycle 
describing To (a, N) as an extension of J^k-i by Ak is a coboundary. 

2.13 Nilpotency 

Let A^ be a fc-step nilspace. In this part we investigate the properties of the 
groups TranSi(Af). The main idea is borrowed from the paper IflOl by Host 
and Kra. 

Lemma 2.23. We have that [Trans* (AT), Trausj (AT)] C Trans l+i (A^). 

Proof. Let F be a face in {0, 1}" of codimension i + j. Then F = F\ n F2 
where F\ is a face of codimension i and F2 is a face of codimension j. 
Assume that ot\ G TranSj(A r ) and a.2 € TranSj(A^). Then [af^af 2 ] = 
[a ll a 2 ] F - This implies that if c g C n {N) then [ai,a 2 ] F (c) G C n {N). □ 

Corollary 2.5. The group Trans(A r ) is k-nilpotent and {Trans^Af)}^ 1 is 
a central series in it. 

Lemma 2.24. if k > i then the action of Ak is in Trans,(AT). 

Proof. It follows directly from theoremQ] □ 



26 



Definition 2.17. We say that two cubes c\ , ci € C n (N) are translation 
equivalent if Ci can be obtained from c\ be a sequence applications of oper- 
ations a F where a £ TranSi(iV) and F is a face in {0, 1}" of codimension 
i. Note that the number i can be different in the above operations. A cube is 
called translation cube if it is translation equivalent with a constant cube. 

3 Compact nilspaces 

In this part of the paper we study compact topological versions of nilspaces. 

Definition 3.1. A nilspace N is called compact it is a second count- 
able, compact, Hausdorff topological space and C n (N) is a closed subset 
of Art ' 1 }" for every n <E N. 

An important consequence of compactness is that Fk (N) is compact for 
every k £ N. Furthermore all the abelian groups occurring in theorem[T]are 
compact abelian groups. This is proved in the following section. 

When checking the compactness of a fc-step nilspace the next lemma is 
useful. 

Lemma 3.1. A k-step nilspace N is compact if and only if N is a compact, 
Hausdorff, second countable topological space and C k+l (N) is a closed 
subset of ■jV-{ (U > fc+1 . 

Proof. First assume that n > k + 1. For every k + 1 dimensional face F 
let Qf denote the set of functions / : {0, 1}™ — > N whose restriction to 
F is a cube. By lemma [2~8l we have that C n (N) is the intersection of the 
sets Qp where F runs through all the k + 1 dimension faces of {0, 1}". If 
n < k + 1 then C n (N) is the projection of C k+1 {N) to A^ ' 1 }" and thus it 
is closed. □ 

3.1 Continuity of the bundle decomposition 

In the previous chapters we associated a number of structures to an abstract 
nilspace. Here we study compactness and continuity in these structures. By 
an abuse of language we will use the term compact space for a compact, 
Hausdorff, second countable topological space. We can immediately observe 
that if N is a compact nilspace then the arrow space, the higher degree ar- 
row spaces and d x N are all naturally compact. Similarly if A is a compact 
abelian group then 2\. (A) is a compact nilspace since it is defined by linear 
equations. Other constructions, especially those involving taking quotients 
by equivalence relations, will require a more subtle treatment. For those we 
will use the following elementary facts. 

1. If / : X —> Y is a map between compact spaces. Then / is continuous 
if and only if its graph is closed. 
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2. Compact spaces are metrizable. 

3. If X is a compact space an ~ is a closed equivalence relation on X 
(i.e. {(x,y)\x ^ y} C X x X is closed) then Xj ~ with the quotient 
topology is also compact. 

As a first demonstration we show the following. 

Lemma 3.2. If N is a k-step k-fold ergodic compact nilspace then N is 
isomorphic as a compact nilspace to T>k {A) for some compact abelian group 
A. 

Proof. We start with the one step case. We use the notation of lemma fZ3\ 
We need to ceck the continuity of addition and inverse. The graph of addition 
can be written as 

{(X!,X2,X 3 ,X4,) £ C 2 (N) | xi = e] 

and the graph of the inverse is similarly defined by the equation X\ = X4 = e. 
These are closed sets so the operations are continuous. 

To see the general case recall that the group structure on N in the ab- 
stract case was recovered from the one step nilspace d^~ 1 (N) which is now 
compact. □ 

Lemma 3.3. Let N be a compact nilspace and k G N. Then the factor 
J~k (N) with the quotient topology is a compact nilspace. 

Proof. The proof boils down to checking that is a closed equivalence 
relation. This is true because the set of cubes satisfying the condition in 
lemma |2~4l is closed. □ 

In the remaining part of this chapter we explain how to turn abstract 
nilspace theory into compact nilspace theory. We start with the definition 
of a compact abelian bundle. This is an abstract Abundle T with base S in 
which A, T and S are compact spaces such that A is a compact group and the 
action a : A x T — > T is continuous. Furthermore S has the quotient topol- 
ogy. Notice that we are not assuming that the bundle is locally trivial but if 
A is finite dimensional then this automatically holds Q. From this definition 
it is clear how to define a fc-fold compact abelian bundle. The definition of a 
compact degree-fc bundle is as in the abstract case but with a compact fc-fold 
abelian bundle that is a compact cubespace for the same topology. 

Lemma 3.4. A compact cubespace N is a compact degree-k bundle if and 
only if N is a k-step compact nilspace. 

Proof. It is clear that a compact degree-fc bundle is a fc-step compact nilspace 
since as it was shown in the proof of theorem Q] it satisfies the nilspace ax- 
ioms. For the other direction we need to verify that the structure groups 
{A;}f =1 can be (uniquely) given the structure of compact topological groups 
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such that the action of Ai on Ti(N) is continuous. Using induction on k it 
is enough to check this statement for Af.. Let F be a ^k-i class of N. We 
learned from the proof of theorem[T]that the cubic structure restricted to F is 
a fc-fold ergodic fc-step nilspace. Lemma |2~4l implies that F is closed and so 
by lemma [Jl2"l we obtain that there is a compact abelian group structure on Ak 
such that F is isomorphic to T>k(Ak) as a compact nilspace. The continuity 
of the action of Ak is equivalent with the fact that its graph {(a, y, y+a) | a G 
A, y G N} is closed in A x N 2 . On the other hand this set can be described 
(as seen in the proof of theorem [TJ using the arrow space N' of N; it is es- 
sentially the set {(u, v) G N' x N' \ u v, u G {e} xJVc N'} where 
e G F is fixed. Note that u ^k-i v implies the first coordinate of v lies in 
F, and thus can be written as e + a for some a G A. Then, as shown in the 
proof of theorem Q] the second coordinates of u and v are of the form y and 
y + a. Now that we know that the action is continuous, the uniqueness of the 
topology on Ak follows since it is homeomorphic to the induced topology on 
any orbit of the action. □ 

The notions of sub-bundle, bundle-morphism, totally surjective bundle 
morphism, and kernel from chapter lZTI can be easily transfered to the setting 
of compact fc-fold abelian bundles with the following additions. First of all 
we require that all the maps used in the definitions are continuous. To see that 
the kernel K of a bundle morphism is compact observe that Ki is a closed 
subset of Ti x T' k . 

We continue with lemma l2T6l In the topological version we assume that 
N is a compact nilspace and P is a finite cubespace. Note that the restricted 
homomorphism set Horn/ (P, N) is a closed subset of N p and thus it is 
compact. To see that Horn / (P, N) is a fc-fold bundle in the topological sense 
we only need to observe that Homx->o(-Pj T^i{Ai)) is a closed subgroup in 



3.2 Haar measure on abelian bundles and nilspaces 

Compact fc-step nilspaces are generalizations of compact abelian groups. It 
will be important to generalize the normalized Haar measure to them. Recall 
that the normalized Haar measure is a shift invariant Borel probability mea- 
sure. Such measures always exist on compact groups and they are unique. 

First we define the Haar measure for compact abelian bundles. Let T be 
a compact A-bundle over a space S and action a : A x T — > T. Assume that 
S has a Borel probability measure fj,s- Then we introduce the extension \i of 
Hs as the unique Borel probability measure on T which is A invariant. The 
measure \i can be defined through the property that 




(4) 
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where H is a Borel set of T, ir is the projection to S and \ia is the Haar 
measure on A and any fiber of tt. 

We define the Haar measure on a compact fc-fold abelian bundle itera- 
tively. If it is already defined for k — 1 fold bundles then we use to extend 
it from the factor Tfc_i to TJ-. We use theorem[T]to define (normalized) Haar 
measures for fc-step nilspaces. 

By abusing the notation we will always denote the Haar measure by \i. 
Since we never define two different measure on one structure it will not cause 
any problem. 

The following fact is well known for compact abelian groups. 

Lemma 3.5. Surjective continuous (affine) homomorphisms between com- 
pact abelian groups are measure preserving. 

We will need a generalization of this fact for /s-fold compact abelian bun- 
dles. 

Lemma 3.6. Let <f> : T — > T' be a totally surjective continuous map be- 
tween two compact k-fold abelian bundles. Then <j) preserves the Haar mea- 
sure. This means that for an arbitrary Borel set H C T' we have fx(H) = 
^-\H)). 

Proof. The proof is an induction using lemma [331 The map <fi induces a map 
<fi' from Tfc_i to T' k _ x . If we know the statement for k — 1 then <f>' is measure 
preserving. On the other hand it is measure preserving on the fibers so the 
integral in is preserved. □ 

The next lemma follow directly form lemma [331 and lemma l2T4l 

Lemma 3.7. Continuous fiber surjective morphisms between k-step nilspaces 
are measure preserving. 

3.3 Continuous systems of measures 

In section |3~2l we constructed a measure on a compact space with an Abelian 
bundle structure, this measure combined some given measure on the base of 
the bundle with the Haar measure on each fiber. We will need later on that 
these measure space fibers vary continuously in a certain sense. To express 
this, we will use the concept of a continuous system of measures ( CSM), 
which consists of 

1 . A continuous map tt : X — > Y between compact Hausdorff topologi- 
cal spaces, and 

2. a family of measures {^ y } y eY such that 

(a) the measure X y is concentrated on the fiber 7r _1 (y), and 
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(b) for any continuous real-valued function / on X, the function 
is continuous. 

Here, condition [2b] is the main one, as it expresses the continuity of the 
family {Aj,} of measures. A good reference for continuous systems of mea- 
sures is (T|, which develops them in slightly greater generality (using locally 
compact spaces, rather than compact ones, for which[2b]is only taken to hold 
for compactly supported functions), as well as developing the notion of Borel 
systems of measures, an analogue for Borel maps ir : X — > Y. That paper 
also contains references to earlier literature on these and related notions. 

Given a continuous systems of measures {X y } for a map n : X — > Y 
and a measure /i on the base Y, one can define a measure on X by X(E) = 
j Y Ay(Ernr~ 1 (y))dfi,)ust as we did earlier for the special case of an Abelian 
bundle. To show this really is a special case, we have the following result: 

Lemma 3.8. Given any compact Abelian A-bundle T over a base S, the 
family of measures consisting of copies of the Haar measure on A is a CSM. 

Proof. We just need to prove the continuity property. Let / : T — > M be 
a continuous function. We need to show that the function g : S — >• M, 
g(s) = J w -ir s \ f(t) d^A is continuous (here, pa denotes Haar measure on 
A and any fiber of T — > S). Since S has the quotient topology it is enough 
to show that g o n is continuous. Now, g(jr(t)) = J aeA f(t + a) dpA and the 
function given by (t, a) t— > f(t + a) is continuous, so the result 

follows from the following simple claim: 

Claim. Let X and Y be compact spaces and ^bea Borel probability mea- 
sure on Y, Then the family of measures on X x Y consisting of copies of p 
is a CSM. 

Let / : I x y ^ R be a continuous function. Then / can be ap- 
proximated arbitrarily well in L°° (X x Y) by linear combinations of rank 
1 functions, i.e., functions of the form (x,y) h-> fi{x)fi{y). For a rank 1 
function, it is clear that integrating out y leaves a continuous function of x, 
so we get that J y€Y f( x 'V) dp is a uniform limit of continuous functions 
and thus continuous itself. □ 

Lemma 3.9. IfT is a relative compact k-fold Abelian bundle then the Haar 
measures on the fibers form a CSM. 

Proof. Notice that each fiber of the relative bundle is a fc-fold compact Abelian 
bundle in its own right and thus has a Haar measure as defined in cfiapter [ll2l 
Let Tq, T%, T2, . ■ . , Jfc — The the factors of T. By the previous lemma, each 
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Ti is a CSM over T,_i. The CSM we want to define on T over T Q is just the 
composition of these in the following sense: 

Let {\ y }y£Y be a CSM on tt : X — > Y and let {^ z } ze z be another CSM 
on r : Y — > Z. The composition is a CSM on t o tt : X —> Z with measures 
given by 

v z {E) = f XyiEmr-^y)) d^ z . 

JyET- 1 (z) 

For a proof that this defines a CSM see 0"). d 

Let S, T be a pair of compact spaces and assume that S is a probability 
space. We denote by L(S, T) the set of Borel measurable functions up to 
measure change. Let {n v }yeY be a CSM on the fibers of tt : X — » Y. Let 
£{X,T) = \J y L{-K- l {y),T). The projection tt : C{X,T) — > F is defined 
by tt(/) = y if / £ L(7T _1 (j/), T). We define a topology on C(X, T) as the 
weakest topology in which the following functions are continuous: 

/-> / Fi(/(ar))F 2 (x) 

where F x : T — > C and F 2 : X — >■ C are continuous functions. Notice 
that F 2 is defined and continuous on the whole space X, this is what ties the 
fibers together. With this topology C(X, T) becomes a Polish space. 

Note that the space C(X, T) is a generalization of the L 1 topology on 
bounded measurable functions. To be more precise take T to be the closed 
unit ball in C. Then for every fixed y € Y, convergence of functions in 
L(TT~ 1 (y), T) (as a subspace of C(X, T)) is the same as convergence in the 
usual L 1 topology. The implication that L 1 convergence implies conver- 
gence in C(X, T) is left to the reader. To see the other direction let {fi} c ^ 1 
be a sequence converging in C(X,T) to / G L(TT^ 1 (y),T). It is clear 
from the definitions that the weak limit of {fi}°^ x is / in the Hilbert space 
L 2 (7T _1 (y), fiy). Furthermore lim^oo ||/i||2 = ll/lb- It is well known that 
these two facts imply that / is the L 2 limit of {fi}°^ 1 - Since the L 2 topology 
is equivalent with the L 1 topology for functions with values in T the proof is 
complete. 

The space T in C(X, T) will most often be a compact abelian group. In 
that case C(X, T) has an action of T by translation. Then next lemma says 
that this action is continuous. 

Lemma 3.10. Let Abe a compact abelian group. For any continuous sytem 
of measures the space C{X, A) defined above has a continuous A action 
a: Ax C{X,A) -> C(X, A) defined by a(g, f)(x) = f(x)+g. 

Proof. It is enough to show that for arbitrary continuous functions F\ : A — > 
C and i*2 : X — > C, the function 

($,/)-> / F^fix) + g)F 2 (x) d» m 

ASTf-l (»(/)) 
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is continuous. We again approximate by rank one functions. Consider the 
function A x A —> C defined by (51,52) ^ F\(g\ + g%), and approx- 
imate it in L°°(A x A) by linear combinations of functions of the form 
(51752) -ffi (51)^2(52) where ifi and i?2 are continuous. For such a 
rank one function, the continuity follows from the definition of CSM. □ 

To state the next lemma we need some notation. Assume that {fJ- y } y ^Y 
is a CSM on the fibers of tt : X — > Y . We denote by X x y X the compact 
space {(a, b)\a, b € X,w(a) — n(b)}. There is a natural projection tt' : 
X Xy X — > Y defined by 7r'(a, b) = 7r(a) = n(b) and a CSM structure 
defined by {p, y x fJ, y } y ^Y on X xy X. 

Lemma 3.11. Let {p y } y£ Y be a CSM on the fibers of tt : X — > Y and let A 
be a compact abelian group, Let S : C{X, A) —> C{X Xy X, A) denote the 
operator which maps a function g to the function S(g)(a, b) = g(a) — g{b). 
Then S is a quotient map from C(X, A) to its image. 

Proof. The continuity of £ is easy and it is left to the reader. To check the 
quotient map property it is enough to show that if for a sequence of functions 
{filial in C(X, A) the sequence is convergent then there is a 

convergent subsequence {/ m J™i- 

Assume that {£(fi)}iZi has limt £(f) for some / G C(X, A). Further- 
more assume that fa is defined on w~ 1 (yi) and / is defined on tt' 1 (y) where 
{Ui}^Li is a sequence in Y converging to y. Let C denote the closed unit ball 
in C. For a character \ e A and 6 > let \8 '■ X —> C be a continuous 
function on X whose restriction to tt' 1 (y) is at most <5-far from \ / m L 1 
according to fi y . 

We claim that for every yei and e > there are values S > and 
ti X;C € N such that if j > n x e then the function (\ ° fj)xs is at most e far 
in L 1 from some constant function on tt' 1 (yj). 

Let£ ' : C(X,C) -4 C(Xx Y X,C) denote the operator with £' (.9) (a, b) = 
g(a)g(b). It is clear that ■ S'{g x g 2 ) = S'{g 1 )S'{g 2 ) and that S'( X ° g) = 
X S(g) for every x S A. If 6 is small enough then S'((x f)xs) is arbi- 
trarily close to the constant 1 function. It follows from the assumption of the 
lemma that if j is big enough that S'((x° fj)xs) is also close to the constant 
1 function. Clearly, it is only possible if (x fj )x$ is close to a constant 
function (and this constant has absolute value close to one). 

Since there are at most countably many elements in A, from a standard 
(iterated) diagonalization argument (using the above claim with smaller and 
smaller e for each character) it follows that one can chose a growing sequence 
{m i }°^ 1 in N such that for every X £ A there is a constant c x <E C of length 
1 such that the sequence {x ° / m «}£i converges to c x (x ° /)■ Furthermore 
it is clear that the function x l— ► c x is a homomorphism. It follows that there 
is an element t <G A such that x(t) = c x holds for every x e A. We obtain 
that {/ m J"j converges to / + t. □ 
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We will need the following technical lemma. 

Lemma 3.12. Let {p y } y ^Y be a CSM on the fibers of it : X — » Y. Let 
K be a compact space with Borel measure v. Assume that f : X — > K 
is continuous and that the restriction of f to the fibre tt (y) is measure 
preserving for every y G Y. Let T be a compact space and g : K — >• T be 
a Borel function. Let h : Y — > C{X,T) be the map such that h(y) is the 
restriction of g o f to n (y). Then h is continuous. 

Proof. Let Fi : T — > C and F2 : X —> C be continuous functions. Let 
q : Y — > C be the function defined by 

V* [ F 1 (g(f(x)))F 2 (x) dfx y . 

We have to show that q is continuous. Let e > be arbitrary. It is well known 
that there is a continuous approximation F3 : K — > C of Fi o g such that 
||Fi og - F3H1 < e. Let q' : Y -> C be the function define by 

I F 3 (f(x))F 2 (x)dp y . 

J x£tt 1 (y) 

By the measure preserving property of / we obtain that \q(y) — q'{y)\ < 
e II -^2 1| 00 holds for every y € Y. Since q' is continuous and we have such an 
approximation for every e > the proof is complete. □ 

3.4 Probability spaces of morphisms 

Lemma |2.16| says that morphism sets and more generally restricted morphism 
sets are often iterated bundles and thus in the compact case they have a prob- 
ability space structure coming from Haar measure. A few concrete examples 
of such probability spaces will be crucial in our arguments. 

Definition 3.2. Let P be a cube space and assume that X, Y are two subsets 
in P. We say that X, Y is a good pair if X and X n Y have the extension 
property (with the inherited cubespace structure) and every morphism f : 
Y — > T>k(A) with /| xnY = extends to a morphism f : P — > T>k{A) with 
fix = 0. 

Lemma 3.13. Let P C {0, l} n be a sub-cubespace with the extension prop- 
erty and X,Y C P be a good pair in P. Then for every nilspace N and 
morphism f : X — > N we have that the restriction map to Y 

<t> : Horn/ (P,N) -> Rom flxnY (Y, N) 

is a totally surjective bundle morphism. 
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Proof. Assume that TV is a fc-step nilspace and by induction assume that the 
statement is verified for k — 1 step nilspaces. By lemma |2~T6l It is enough to 
show that the map Homx^o(-P, ffcO^fc)) — * Homxny->o (Y, N) is surjec- 
tive. This follows directly form the definition of good pairs. □ 

Note that lemma |3~6l implies that if TV is a compact finite step nilspace 
then the restriction map in lemma [3~T3l is measure preserving. 

Lemma 3.14. If P C {0, 1}" has the extension property and X,Y C P 
is a good pair of sub-cubespaces then X UY (with the union of their cubic 
structures) has the property that any morpism f : X U Y — > N into a finite 
step nilspace N extends to a morphism f : P N. 

Proof. The proof is an induction on the number of steps of N. The statement 
is trivial for step nilspaces. Assume that it is true for k — 1 step nilspaces 
and let N be a fc-step nilspace. Let / :XUF->iVbea morphism and 
let /2 : P — > J-k-i{N) be an extension of / modulo ~fe_i. Using lemma 
I2.7l we can find a morphism ft : P N such that ft = fa modulo <~fc_i. 
Let g = ft\x — f\x- Acording to our assumption there is an extension 
/ 3 : P -> V k (A k ) ofg. Let g 2 = ft - / 3 . We have that g 2 \x = f\x- Now 
let 53 be an extension of g 2 \y — f\ y to P with g% \x = 0. Then /' = g 2 — gs 
is an extension of / to P. □ 

Construction 1. Let be a fc-step nilspace and / : N — s- N' be a fiber 
surjective morphism into another fc-step nilpace. According to lemma [2~j"6l 
if 77, e N then C n {N) = Hom({0, 1}", N) is a probability space. We call 
this distribution the uniform distribution on C n (N). Furthermore by lemma 
12 . 1 7 1 the map / induces a measure preserving map from C n {N) to C n (N'). 
The fibers of this map also have a fc-fold bundle structure and so they are 
all probability spaces. It is trivial that every one element set in a cubespace 
has the extension property. As a consequence we have that if x G A is an 
arbitrary element then we can view C"(A) = Homon^ x ({0, 1}", N) as a 
probability space. Moreover, the measures on the C"(A) vary continuously 
with x. 

Lemma 3.15. Let ipo : C n (N) — > N be the restriction map defined by 
"00 (c) = c(0). Then the Haar measures on the fibers ipQ 1 (x) = C™(N)form 
a CSM. 

Proof. According to lemma l2~T7l the map tpo is a totally surjective bundle 
morphism between the fc-fold Abelian bundle structures on C" (N) on N. 
Then, the kernel of i/jq is compact relative fc-fold bundle whose fibers are the 
C"(N) by remark im Finally lemma l3?9l gives the required CSM. □ 

Construction 2. In the three cube T„ let X = u({0, l}' 1 ) = {1, -1}™. 
Then we claim that X has the extension property. Indeed, if / : X — > N is 
a morphism to some nilspace and h : { — 1,0,1} — > {0,1} is the map with 
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h(-l) = — 1, h(0) = 1, = 1 then f' = foh n is an extension of / to 
re- 
construction 3. In the three cube T„ let Y = * "({0, 1}") = {0, 1}". 
Then we claim that Y has the extension property. Indeed, if / : Y — » N is 
a morphism to some nilspace and h : { — 1,0,1} — > {0,1} is the map with 
h(-l) = l,h(0) = 0,h(l) = 1 then /' = / o h n is an extension of / to T n . 
As a consequence, using the symmetries of T n , we obtain that ^({O, 1}™) 
also has the extension property for every v G {0, 1}™. By lemma [27T61 it 
follows that Hom/(T„, N) is a probability space. 

Construction 4. Let T n be the three cube, X = {1, —1}" and Y = {0, l} n . 
We also assume that uj G C n (P). By lemma [231 this modification does not 
change the homomorphism set of T n into any nilspace. We show that X, Y 
is a good pair in T n . Since X H 7 = {l n } is a single point the extension 
property is clear in this case. According to construction 3 the set X has the 
extension property. Let / : Y — > T>k(A) be a morphism with /(l™) = 0. Let 
h{-l) = l,h{0) = 0,h(l) = 1. Then/' = foh n is an extension of / with 
f\x = 0. This shows that X, Y is a good pair in T n . By lemma [3~T"3l we have 
that if / : X — > N is a morpism to a finite step nilspace then the restriction 
map from Hom/(X, N) to Homp^f^^y, N) is measure preserving. 

Construction 5. Let T n be the three cube for some n € N. Let x £ 
N be an element in a nilspace N. Then by lemma 12.161 the set Q x = 

Homing (T„, TV) is a probability space. Let v G {0, 1}" such that v / 0™. 
We claim that if t is a random element of Q x then t o fy v is a uniformly ran- 
dom element of C"(JV). To see this let X = {l k } and Y = * u ({0, 1}™). 
We have that XP\Y = 0. Since X has one element, it has the extension prop- 
erty in T n . Assume that / : Y — > T>k{A) is a morphism. By construction 3 
the map / has an extension /a : T n — )• T>k{A). Since l fc ^ F there is a face 
of T n of the form F = {-1,0,1}° x {1} x {-1, 0, l} b with a + b = n - 1 
such that F n F = 0. Let /' : T„ -> V k (A) be the function obtained from 
ji by subtracting /2(1") from the values on F. It is easy to see that /' is a 
morphism which extends / and f\x = 0. Now by lemma [3~T3l the claim is 
proved. 

3.5 Measurable cocycles 

From now on we will always assume that JV is a compact n-step nilspace and 
A is a compact abelian group. We will only consider measurable cocycles 
on N. After developing some formalism we will see that every A valued 
measurable cocycle defines a compact A-bundle over N which can again be 
given a compact nilspace structure. In other words, a measurable cocycle 
defines a continuous extension of N by A. 
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Recall that for x £ JV we denote by C k (N) the set of restricted cubes 
in which is mapped to x. The spaces C k {N) are the fibers of the map 
V>o : C k (N) -> JV defined by ^o(c) = c(0). Each space C*£(JV) is a fc- 
fold abelian bundle and consequently has its own probability space structure 
(see construction 1 in chapter l3~4l i. We denote the probability measure on 
C*(JV) by \i x . As we have seen the measures {/j, x }x£N form a CSM. Let 
p : C (JV) -> ibe a measurable function. We denote by p x its restric- 
tion to C*(JV). We define C k (N, A) as £(C fe (JV), A) using the CSM with 
projection ipQ : C k (N) — ► JV. Recall that £ was defined in chapter |3~3l 

Proposition 3.1. Le? p : C k (N) A be a measurable cocycle of degree 
k — 1. r/jen 

M = {p x + a | x £ JV, a £ A} c £ fe (JV, A) 
is a compact A bundle over JV wif/i projection it. 

Proof. The action of A on ¥ given by / — > f + a is continuous by lemma 
13.101 It is enough to prove that M is a compact subset in £&(JV, A). 

Let Q = Hom(T fe , JV) and Q x = Hom 1& ^ :E (T fc , JV). Recall that T k is 
the three-cube { — 1, 0, l} k . We have by construction 5 in chapter l3~4l that if 
v then t o is uniformly random in C fe (JV) as t is randomly chosen 
from Q x . Let g v : N C(Q, A) denote the function which maps x G JV to 
the restriction of t M> p(£ o v]> tJ ) to Q x . By lemma [3~T2l we obtain that g v is 
continuous for every v ^ fe . Let 

t>G{0,l} fc \0 fc 

We have that g : JV — > C(Q, A) is continuous. We have by lemma I2T81 that 
for £ in JV the value of g(x) is equal to the function t M> p x {touS) — p x (tofy Q ) 
(defined on Q x ). Now let Z = C k (N) x N C k (JV) and g' : JV ->• C(Z ', A) be 
the function defined by g'(x) = £(p x ) (using the notation of lemma IXTTT i. 
The continuity of g and construction 4 in chapter [3~4l implv that g' is contin- 
uous and so g'(N) is compact in C(Z, A). Using that M = £^ 1 (g'(N)) and 
lemma 13.1 II we obtain that M is homeomorphic to a continuous A bundle 
over JV and so it is compact. □ 

Now we define cubes of dimension k on the compact topological space 
M. Let / : {0, l} fe — y M be a function. We have for every v £ {0, l} fe 
that Pn{f(v)) = f( v ) + a ( v ) f° r some element a(v) in A. We say that / is in 
C k (M) if 7T o/ £ C k (N) and 

2 «(t')Hf w = p(«/). 

■uG{0,l} fc 
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Lemma l2.18l shows that this is equivalent with the requirement that 



£ /(«)(to*„)(-l)M«)= (5) 
ue{o,i} fe 

for some (and thus for every) t E Hom 10 j ollj -i (T^, N). (Recall that f(v) is 
a A valued function on CK f , }) .) In general / is in C n (M) if tto/ G C"(iV) 
and every fc-dimensional face restriction of / is in C (M). It follows from 
(O that the nilspace structure on M depends only on the set M itself. On 
the other hand if p and p' differ by a coboundary of degree k — 1 then they 
define the same set M. This means that the nilspace M depends only on the 
element in Hk-i(N, A) represented by p. The next lemma is crucial. 

Lemma 3.16. M is a compact nilspace. 

Proof. Theorem Q] shows that M satisfies the nilspace axioms. Proposition 
13. II defines a compact topology on M . By lemma [3~T| it is enough to show 
that C k (M) is a closed subset of M* 0,1 ^. 

We will use the probability space Hom(Tfc, N) which can be looked at as 
a CSM with fibers Hom cow -i (T fe , wherec £ C k {N). Let Q k (M) denote 
the set of all functions / : {0, l} fc -» M such that c = n o f e C k (N). It 
is clear that Q k (M) is a closed subset of M^ 01 ^ . Now we define a map 
(f> : Q k (M) -> £(Rom(T k ,N), A) by 

ve{o,i} k 

where g G Hom cow -i (T k , N). This definition implies that 4>(f)(g) is always 
a constant function. Let us denote this constant by <t>%{f) E G. Formula (f5]l 
implies that C k {M) — ^^" 1 (0). Since the map <j> is continuous we obtain 
that C k (M) is closed. □ 

Lemma 3.17. Let M be a compact nilspace which is a degree-k extension of 
a compact nilspace N by a compact abelian group A. Then there is a mea- 
surable cross-section for this extension and therefore a measurable cocycle. 

Proof. Let w : M — > N be the projection of the extension. Consider the set 
P = {(y,x) G N x M | ir(x) = y}. A cross-section for it is a subset of 
P which happens to be the graph of a function N —5- M. Corollary 18.7 of 
fPH says that a sufficient condition for a Borel cross-section to exist is that 
for some Borel function p : N -)• V(M), we have p y (P n ({y} x M)) > 0. 
The measures p y from the CSM structure of M satisfy this, and the map 
y —> p y is not only Borel but continuous by definition. □ 

Theorem 2. Let <p : N M be a Borel measurable morphism between two 
finite step compact nilspaces. Then <fi is continuous. 
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Proof. Assume that M is a k step nilspace. We consider the CSM defined by 
ipo : C k+1 (N) -> N. For every ^ v e {0, l} k+1 we define the function 
f v : N -> C(C k+1 (N), M) so that f v (x) is the restriction of 4> o ip v to the 
space C k+1 (N). Using the fact that ip v is measure preserving and lemma 
I3.12l we obtain that f v is continuous for every 0/n£ {0, l} k+1 . Let / : 
N — > C(C k+1 (N), M) be the function which maps x £ N to the constant 
function with value <f>{x) on C : J +1 (A r ). The compact nilspace structure on 
M guarantees that / depends continuously on the system {fv}o^ v <£{o.i} k+1 
and thus / is continuous. It follows that <fi is continuous. □ 

Lemma 3.18. Let N be a compact finite step nilspace. Let K be a degree 
k-extension of N by a compact abelian group A. Let S : N —> K be mea- 
surable cross-section and p be the associated measurable cocycle. Then K is 
isomorphic as a compact nilspace to the extension M constructed in propo- 
sition [3J\ 

Proof. The isomorphism is given by the map 9 : K — » M defined by 6{x) = 
Ptt(x) + {x — S(tt(x))). By the definition of the cubic structure on M the 
map 9 is an isomorphism of abstract nilspaces. Since both K and M are 
compact Hausdorff spaces if we show 9 is continuous it will automatically be 
a homeomorphism. It is clear that 9 is measurable and so theorem[2]finishes 
the proof. □ 

Corollary 3.1. The isomorphism class (as a topological nilspace) of every 
degree k extension of N by A is represented by some element in Hk(N, A) 
as described in proposition ^ .l\ and lemma \3.16\ 

3.6 Finite rank nilspaces and averaging 

Let N be a compact fc-step nilspace. We have from theorem Q] that N is a 
degree k -bundle with structure groups A\, A2, ■ ■ ■ , The compactness of 
N implies that the structure groups are compact abelian groups. We define 
the rank rk(iV) by 

k 

rk(iV) = ^rk(i i ) 
j=i 

where A; is the Pontrjagin dual of Ai and rk(A) is the minimal number of 
generators of Ai . 

A result of Gleason [3] implies that if a compact Lie group G acts freely 
and continuously on a completely regular topological space X, then the quo- 
tient map X — > X/G is automatically a locally trivial bundle. Because of 
this, we have that finite rank nilspaces are iterated locally trivial fibrations 
of finite dimensional compact abelian groups. Topologically, they are finite 
dimensional manifolds. 

Finite rank abelian groups are direct products of finite dimensional tori's 
and finite abelian groups. There is a natural way of metrizing them. For 
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two elements x, y G W l /Z n = T n we define their distance d 2 (x, y) as the 
minimal possible Euclidean distance between a preimage of x and a preimage 
of y under the map M™ — > IR n /Z™. If the abelian group is not connected then 
points in different connected components have infinite distance. 

Let Xi and X 2 be two Borel random variables taking values in a finite 
rank compact abelian group A. In general there is no natural way of defining 
their expected values. However if they take values in small diameter sets in 
A then there is a canonical way of defining their expected value and it will 
satisfy E{X X + X 2 ) = E(Xi) + E(X 2 ). 

Let a G T™ be an element and B r (a) be the open ball of radius r around 
o. Let a' G W 1 be an arbitrary preimage of a under the homomorphism 
R™ — > T n . If a Borel random variable X takes all its values in £1/4(0.) then 
there is a unique way of lifting X to a random variable X' on K" in a way 
that the values are closer than 1/4 to a'. We define E(X) as the image of 
E(X') under the map K™ — > T n . It is easy to see that E(X) does not depend 
on the choice of a. If m random variables take their values in sets of diameter 
at most l/5n then the additivity of the expected value is guaranteed. The next 
lemma is an easy application of averaging. 

Lemma 3.19. Let N be an l-step nilspace and A be a finite rank abelian 
group. Then there is an e such that every Borel measurable cocycle a : 
C k {N) -> A of degree k-1 with d 2 (a(c), 0) < efor every c G C k (M) is a 
coboundary. 

Proof. Let m be an element in N. By lemma [2T6l the set 

a„ = Hom oWl ({0,l} fc ,iV) 

is a sub-bundle in jV^ ' 1 ^ and so the Haar measure gives a probability space 
on tt m . Let c be a random element in f2 rn . We define g (m) = Eo m (a(c)). 
The expected value makes sense because a is always close to 0. We claim 
that a is a coboundary corresponding to the function g : N — > A. 

Let / G C n (N) be an arbitrary element. Let T n be the three-cube. For 
an arbitrary function / : {0, 1}" — > N in C n (N) we define the probabil- 
ity space fl = Homy ou -i (T n , N). Let c be a random element in 51 (see 
construction 2 in chapter [3~4-b . We have by lemma l2~T"8l that 

*(/)= E "(co^x-i)'* . 

«G{0,1}" 

According to construction 4 in chapter [34l the distribution of c o ty v is given 
by This means by taking the expected value of both sides that 

ue{o,i}" 

□ 
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3.7 The number of finite rank nilspaces 



The main result of this chapter is the following. 

Theorem 3. There are countably many finite rank compact nilspaces up to 
isomorphism. 

Recall that a nilspace is of finite rank if the dual groups of its structure 
groups are all finitely generated. A compact nilspace is of finite rank if and 
only if it is finite dimensional. It is clear that there are at least countably 
many finite rank nilspaces so it remains to show the upper bound. We will 
need the following two lemmas. 

Lemma 3.20. Let A be a finite rank compact abelian group and N be a 
compact n-step nilspace. Let p : C k (N) A be a Borel measurable cocycle 
such that p = Ofor almost every element in C k (N). Then p is a coboundary. 

Proof. We use the notation from Proposition 13. II Let S C TV be the set 
of points x such that p x = almost surely on C k (N). It is clear that the 
measure of S is 1. For every x in S the set {p x + a | a £ A} C £k{N, A) 
is the set of constant functions. Usin proposition 13 . 1 1 and the fact that S is 
dense in N we obtain that for every x the function p x is almost surely equal 
to a constant f(x). By subtracting the coboundary corresponding to / from 
p we get a cocycle p 1 with the property that p' x = for every x <E N almost 
surely on C X (N). We claim that p' = everywhere. Let c S C k (N) be an 
arbitrary cube and let / = c o uj^ 1 be defined on!cT„ as in construction 
2 from chapter l3~4l Let t be a random element from Hom/(T n , N). Then by 
lemma |2~T81 we have that p'(c) = f3(t,p'). This together with the fact that 
f3(t, p') = shows the claim. □ 

Lemma 3.21. Let N be l-step nilspace and A be a finite rank abelian group. 
Then there is an e such that every Borel measurable cocycle a : C k (N) — > A 
of degree k — 1 with d2(cr(c),0) < e for almost every c £ C k (M) is a 
coboundary. 

Proof. As the statement is very similar, the proof is also very similar to the 
proof of lemma |3.19l By using the notation from the proof of lemma |3.19| we 
only explain the difference between the proofs. Let S be the set of elements 
m E N for which a restricted to C k n (N) is almost surely e close to 0. By the 
condition of the lemma the set S has measure 1. Inside S we can define the 
function g as in the proof of lemma [3~T9l We set g(m) = if m ^ S. The 
same argument shows that the coboundary 02 corresponding to g is almost 
everywhere equal to a. By lemma [3~20l the difference a — 02 is a coboundary. 
This implies that a is a coboundary. □ 

Proof of theorem \3] By induction on k we prove that there are countably 
many finite rank fc-step nilspaces. The statement is trivial for k = 0. Assume 
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that it is true for k— 1. It is enough to show that for every finite rank k — 1 step 
nilspace N and finite rank abelian group A there are at most countably many 
non isomorphic degree k extensions of N by A. By contradiction assume 
that S is an uncountable family of non isomorphic such extensions. 

Since N is finite dimensional we can find a finite system U\, U2, . ■ ■ , U r 
of disjoint open sets each homeomorphic to a (possibly zero dimensional) 
Euclidean space such that U = U[ =1 [/ 2 ; has measure 1 in N. Let M be 
a degree fc-extension of N by A. Since every A fibration of a Euclidean 
space is trivial, we can choose a Borel representative system x : N — y M 
for the A fibers over N such that x restricted to each U is continuous. Let 
T C C k+1 (N) denote the set of cubes whose vertices are all in U. We 
can decompose T = u| =1 Tj according to the index sets of Ui's containing 
the vertices. The cocycle p : C k+l (N) —> A on N which is given by x is 
clearly continuous on each set T C T. Since there is a separable L°° dense 
system of continuous functions of the form T — > A on each T,; we get that 
in the uncountable family S there are two extensions Mi and M2 such that 
the above defined cocycles p\ and P2 are at most e > close (for an arbitrary 
e) on T. Then lemma 13.211 shows that p\ — p^ is a coboundary which is a 
contradiction by the results in chapter |3~31 

3.8 The Inverse limit theorem 

In this chapter we develop an iterative method of finding finite rank nilspace 
factors of compact nilspaces. Using this, our main result will establish com- 
pact nilspaces as inverse limits of finite rank ones. As a preparation we start 
with a definition and a lemma which show how to produce fiber surjective 
factors from apropriate cross sections in fc-step nilspaces. 

Definition 3.3. Let N be a k-step compact nilspace. Let M = J-k-i(N) 
with projection n : N — » M and let A be the k-th structure group of N. Let 
ij) : M —> M2 be a fiber surjective factor of M. Assume furthermore that S : 
M N is a measurable cross section such that the corresponding cocycle 
p : C k+1 {M) A satisfies p{ci) = p(c 2 ) for every pair ci, c 2 £ C k+1 (M) 
with ip o ci = ip o C2. Then we say that the cross section S is consistent with 
the factor M2 of M. 

Lemma 3.22. Let us use the notation and assumptions from definition \3.3\ 
Let ~ be the equivalence relation on N defined by x ~ y if and only if 
i/)(ir(x)) = ^(7r(y)) and x — S(tt(x)) = y — S("?r(y)). Then ~ defines a 
fiber surjective factor N2 of N which an extension 0/ A/2 by A. 

Proof. Let p 1 : C fc+1 (A/ 2 ) — > A be the well defined cocycle computed on a 
cube c as the value of p on the preimage of c under ijj. Let N2 be the nilspace 
obtained from A/2 by the extension defined by p' . The elements of A/2 can 
be represented as in proposition 13.11 Recall that elements of A/ 2 are shifts 
of restricted cocycles of type p' x . Let / : N — > N2 be the map defied by 
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fix) = x — S(tt(x)) + p'^r^My It is clear from the definitions that / is a 
fiber surjective morphism and that /(xi) = f{x2j if and only if x\ ~ x^. 
Furthermore by theorem [2] we obtain that / is a (continuous) isomorphism 
between compact nilspaces. □ 

Theorem 4 (Inverse limit theorem). Every k-step compact nilspace is an 
inverse limit of finite rank nilspaces. The maps used in the inverse system are 
all fiber surjective morphisms. 

Proof. We prove the theorem by induction on k. If k = then there is 
nothing to prove. Assume that it is true for k — 1. Let N be a fc-step nilspace 
with structure groups A\, A<i, ■ ■ ■ , Ak- By induction M = J-k-i(N) is the 
inverse limit of a system Mi <— M% ■(—... where the maps are all fiber 
surjective morphisms. Let us denote by r; the projection to A/,; and let 7r be 
the projection N — > M. Let Qi denote the collection of open sets of the form 
r i ~ 1 ([/) where U is open in Mi. Since M is a compact Hausdorff space, its 
topology is generated by the system {2^}°^. 

Since Ak is a compact abelian group we have that Ak is the inverse limit 
of finite rank compact abelian groups. This implies that there is a descending 
chain Ak — Bq > B\ > . . . of closed subgroups with trivial intersection 
such that each factor Ak/Bi is of finite rank. The nilspace N is the inverse 
limit of the nilspaces N / Bi and all the maps N —> N / Bi are fiber surjective. 

Our goal is to create a sequence of fiber surjective maps tpi : N/ Bj —> Ni 
and ip'i : Ni —> Ni-i for some finite rank nilspaces {iV,}?2. such that 

1. For every i, the restriction of ipi to each ~fc_i class of N/Bi is injec- 
tive. In other words, the fc-th structure group of Ni is Ak/Bi. 

2. ip'i o ijji = ipi-i holds for every i = 1,2,.... 

3. There is a strictly increasing sequence of natural numbers {hi]°^ l 
such that Fk-i{Ni) ~ M/j 4 and ipi composed with the projection to 
Tk-iiNi) is equal to the composition of the projection N/Bi — > A/ 
andr hj : M -> M hi . 

By abusing the notation we will denote the projection from N to Mf H by ir. 
It is clear from these properties that every two points in N are separated by 
a map ipi for some number i. This implies that ./V is the inverse limit of the 
system {V'ili^i- We construct this sequence recursively. 

Define iVo as the one point nilspace. Assume that {Ni,i/ji,ip' i ,hi}^L 1 
are already constructed. Let {Wi}[ =1 be a system of closed subsets in Mh m 
such that 7r _1 (Wi) C N m is a trivial Ak/B m bundle over W, for every 
1 < i < r. The existence of {Wj}^ =1 follows easily from compactness and 
Gleason's previously mentioned result J3) that implies that any free action of 
a compact Lie group on a compact space is automatically locally trivial. For 
each 1 < i < r let 0, : Wi — > N m be a continuous cross section (which 
means that 0, is continuous and its composition by 7r is the identity map of 
Wi). 
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For every 1 < a < r let W' a denote the preimage of the set {6i(x) : x e 
W a } under the composition of N/B m+ i —> N/B m and ip m . It is clear that 
W' a is a B m+ i/B m bundle over r / ~ 1 (W / a ) C M. From Gleason's result we 
have that W' a as a B m /B m+ i -bundle is locally trivial. Let d be a metrization 
of N/B m+ i. For an arbitrary epsilon and every point p G T^ 1 (W a ) we can 
choose an open neighborhood U p of p with the following three properties. 

1. there is a continuous cross section S p : U v — >• N/B m+ i above U p 

2. S P (U P ) has diameter at most e 

3. C/ P € Qt( p ) for some t(p) e N. 

It is clear that we can guarantee the first two properties. The last property 
follows from the fact that the topology on M is generated by the topologies 
on Mi. The compactness of M implies that there are finitely many points 
Pi,P2, ■ ■ ■ ,Pn such that {U Pi }2—i is a covering system of (W a ). Let 
t a = max{i(pi)}" =1 . We have that every set in {U Pi }™ =1 is in Q ta . 

Now we can create a Borel measurable cross section S a '■ (W a ) — > 
N/B m+ i with the following properties. 

1. S a is continuous on every preimage t^ 1 (v) where v £ M ta 

2. The diameter of S^fYf -1 (v)) is at most e for every v 6 M ta . 

This can be constructed by dividing tZ 1 (W a ) into the atoms of the Boolean 
algebra generated by {U Pi }l l =1 and then using one type of cross section for 
each atom. Let t be tha maximum of the numbers {t a } r a= i and h m + 1- 
Using these partial cross section we create a global cross section S : M — > 
N/B m+ i with the following properties. 

1. S is continuous on every preimage T t -1 (i;) where v € Alt 

2. The diameter of S f ( / r t ~ 1 (v)) is at most e for every v £ M t . 

3. If T hm (vi) = T hm (v 2 ) for some vi,v 2 G M then ip m (S(vi)) = 

1pm(S(v 2 )) 

The last property expresses the fact that S modulo B m is the pre image of a 
cross section in N m . The cross section S can again be constructed by divid- 
ing M into the atoms of the Boolean algebra generated by the sets t^ 1 (W a ) 
and then using one type of cross section for each atom. 

We denote by p : C k+1 (M) -» A k /B m+1 the cocycle given by S on M. 
If e is small enough than we can guarantee that for any two cubes c\ , c 2 £ 
C k+1 (M) with c\ o r t = c 2 o Tt we have 

d 2 {p( Cl ) - p(c 2 )) <e 2 . (6) 

Furthermore by the third property of S we have that if ci,c 2 £ C k+1 (M) 
satisfy r^ m o c± = Th m ° c 2 then p{c\) is congruent with p(c 2 ) modulo B m . 
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WehavebylemmaEHlthatthemapA : Hom({0, 1}*, M) -> Hom({0, 1}*, M t ) 
induced by r t is totally surjective andpreimages of elements in Hom({0, l} 1 , M t ) 
are (k — l)-fold sub-bundles of Hom({0, l} 1 , M). See also construction 1 in 
chapter[331 We define the function p' : C k+1 (M) -> A k /B m+ i by 

p'(c)=E c , e(9 -i i(A+i(c)) (p(c')). 

It makes sense to use the expected value because (O implies that {p(c')\c' G 
(c))} has small diameter if e 2 is small enough. Note that we take 
the expected value according to the Haar measure on (/3fe+i (c)). Since 
t > h m we have that p' is congruent with p modulo B m . 

We claim that p 1 is a cocycle on M. This follows basically from the 
fact that the cocycle axioms are all linear equations on cubes of dimension 
k + 1 and k + 2 and expected value is additive. To be more precise we need 
to check the axioms for automorphisms and concatenations of cubes. Since 
a set of the form f3^ +1 (0i.+i{c)) is automorphism invariant the first axiom 
trivially holds for p' . To see the second axiom we take two concatenated 
cubes c\,C2 G C k+1 (M) with concatenation C3 and embed them into a k + 
2 dimensional cube c G C k+2 (M) as restrictions to two adjacent k + 1- 
dimensional faces Fi and F2 in {0, l} fe+2 . The concatenation of F\ and F2 
is a diagonal subcube F3. We have that the concatenation of c\ and C2 is the 
restriction of c to F3. Note that the existence of c is guaranteed by lemma 
12.11 We use the third point of lemma l2~T7l to view Q = /3 A T^ 2 (/3fe + 2(c)) as 
a probability space. As the fourth point in lemma |2~T71 says, the probability 
spaces P^\(Pk+i(ci)), i = 1,2,3 are faithfully embedded as factors and 
coupled in the big probability space O. Using the concatenation property for 
p in O (when the random cube is restricted to F\, F2, F3) and linearity of 
expectation we obtain that p'{c^) = p'(ci) + p'ic-2)- 

Now we have that p' is a cocycle and so p" = p' — p is also a cocycle. 
Note that p" takes values in B m /B m+1 . We have by (|6j that d 2 (p"(c), 0) < 
62 holds for every c G C k+1 (M). By lemma [3.191 we get that p" is a 
coboundary. 

Since the difference of p and p' is a coboundary corresponding to a func- 
tion g : M B m /B m+ i we have that by adding g to our cross section S 
we get a new cross section S' such that the cocycle corresponding to S' is 
equal to p' . This means that on N/ B m +\ the cross section S' is consistent 
with the factor Mt. The way we produced g and S' (see the proof of lemma 
|3.19t guarantees that it is continuous on the preimages of points in M t under 
Tt. Using lemma [3~!22l we obtain that S' defines a factor N m+ i of N/ B m+1 - 
Furthermore we also have that S' is congruent to S modulo B m . This implies 
that N m factors through N m+ i. □ 
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3.9 Rigidity of morphisms 

Let TV and M be compact k-step nilspaces and let d be a metric on M 
(metrizing its topology). We say that a map : TV — > M is an e-almost 
morphism if for an arbitrary c e C fc+1 (TV) there is c' e C7 fe+1 (TV) such that 
d(<f) o c, c') < e point wise. 

An e modification of a map : TV — > M is another map fa satisfying 
d(fax), fa(x)) < e for every x € TV. 

Theorem 5. For every finite rank k-step nilspace M with metric d there 
is a function f : K + — > K + with ]im x ^o f( x ) = and eo > smc/i f/zaf 
cf> : N —> M is a Borel e-almost morphism with e < e$from a compact k-step 
nilspace N to M then it can be f (e)-modified to a (continuous) morphism 
fa. 

In the rest of this chapter we prove this theorem. 

We go by induction on k. For k = there is nothing to prove. Assume 
that we have the statement for k — 1. The metric d induces another metric d! 
on Tk-iiM) such that 

d'(x',y') = mm{d(x,y)\x,y G M, nk-i(x) = x' ' ,ir k -i_(y) = y'}. 

The assumption that (j> is an e-morphism trivially implies that 0' = Hk-i° 
4> is an e-morphism into T-fe-i(M). By induction we can /'(e)-modify cf>' to 
get a morphism fa : N —> Fk~i{M). 

We claim that there is a Borel measurable lift fa : N — > M of fa (where 
lift means that iik~i ° fa — fa) such that d(fa(x) , <fi(x)) < /'(e) + e and in 
particular fa is an = /'( e ) + 2e almost-morphism. To see this let 

G = {(x, y) : 7r fc _i(y) = 2 (x)} C JV x M. 

It is clear that G is a compact set and it is an bundle over TV where is 
the fc-th structure group of M. Letp 6 TV be an arbitrary point. By Gleason's 
automatic local triviality result [3j, there is an open neighborhood U p C TV 
of p such that the Ak bundle over U p in G is trivial. This means that there 
is a continuous function r : U p — > TV such that 7Tfe_i(r(a;)) = 02 (x) for 
every x € U p . By the definition of the d' metric there is a constant c e Ak 
depending on p such that d(cf>(p),r{p) + c) < /'(e) + e. Since r + c is 
a continuous function we have on some neighborhood U' p C U p of p that 
d(4>(x), t(x) + c) < /'(e) + e holds for every x € U' p . Let f p = t(x) + c. 
The function f p is a local lift of fa satisfying our requirement. To finish the 
proof of the claim we choose a finite covering system of TV by sets of the 
form U' and then on each atom of the finite boolean algebra generated by 
them we choose one function f p . which is defined on it. The union of these 
functions is Borel measurable and satisfies our requirement. 

Now we introduce an averaging process to get a function fa in the follow- 
ing way. LetP2 = {0, l} fc+1 \ {0 fe+1 } be the corner of the k + 1 dimensional 
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cube P. Using corollary |2.2l and the fact that 02 is a morphism we get that 03 
takes fc-dimensional cubes in A" into /c-dimensional cubes in M. This means 
that for every morphism 7 : P — > N the composition 03 °7|p 2 is a morphism 
of the corner P2. For a morphism 7 : P — > A" We denote by (3(7) <G M the 
unique completion of 03 o -f\p 2 in M. 
Now we define 

04 (a) = E 76 Hom / (P,JV)(Q(7)) 

where / maps the point fc+1 to x. From the fact that 02 is a morphism we 
get that for every 7 G Hom/(P, AQ the element (5(7) is in the ~fc_i class 
of 03 (2;). This class is an affine copy of the fc-th structure group Ak of M. 
To show that the above averaging makes sense, we need to show that if 62 is 
small enough than the values of (5(7) are in a small neighborhood in Ak- In 
fact we will show that Q(j) is close to 03 (x) which will be also important 
later. Using that 03 is an almost morphism we get that 03 o 7 is close to an 
element in C k+1 (N). The continuity of the cube structure shows that 03 07 is 
also close to a cube q whose composition with iik-i is equal to 7Tfc_i(7(P)). 
Let us write 03 o 7 as q + r where r : P — > Ak is some map. The fact that 
03 o 7 is an almost cube translates to the fact that 

J2 r(v)(-l) h W = z 

i)G{0,l} fc + 1 

is close to 0. On the other hand theorem[T]shows that Q(j) = 03 (x) — z. 

The next step is to show that 04 is cube preserving. According to lemma 
12.81 we need to show that k + 1 dimensional cubes map to cubes under 04. 
Let Tk+i be the 3-cube with subset X as in construction 2 in chapter UTfl Let 
B = Tk+i \ X. By abusing the notation a cube c S C h+1 (N) can be inter- 
preted as a function c : X — > N. For every element k g Hom c (Tfe + i, N) 
we denote by Q(n) G C fc+1 (M) the cube obtained by first taking the unique 
extension of 03 o k\b to a morphism Tk+i — > M and then restricting it to X. 
Now 

C2 = E KG Hom c (T fc + 1 ,Ar)Q(«) 

makes sense if 64 is small enough and by theorem Q] it will be a cube. On 
the other hand By construction 4 in chapter [3~4l we obtain that C2 = 04 o c 
evaluated at the point l fe+1 G X. The symmetries of T n guarantee that 

C 2 = 04 O C. 

The last step is to show that 04 is continuous. This is rooted in the type 
of averaging which produces 04. We use a similar argument as in chapter 
[331 The probability spaces C^ +1 (N) are forming a CSM in C k+1 (N). Let 
ip v : C k+1 (N) — > N be the coordinate function defined by ip(f) = f(v). 
Let i/j VjX be the restriction of ip v to C k+1 (AT). The fact that A^ is a topological 
nilspace shows that for fixed v, the function A^ — > C(C k+1 (N), N) given by 
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x i V ip v . x is continuous with respect to the topology on C(C k+1 (TV), TV) 
defined in section 13.11 More generally, it is not hard to see that, if a is 
an arbitrary measurable function from TV to some Borel space T, then the 
function N — > C(C k+1 (TV),T) given by x i— > a o ip v>x is continuous. (It 
is obviously enough to show this for functions a : TV — > {0, 1} which are 
characteristic functions of Borel sets in TV, which is easy to see.) In particular 
we have that <j>3 o ip VtX depends continuously on x. The average defining 
4>4 (x) is on the space C k+1 (TV) using the functions 03 o tp v x in a continuous 
way. This shows that claim. 

3.10 Nilspaces as nilmanifolds 

Let TV be a compact fc-step nilspace. By abusing the notation we denote by 
Trans(TV) the set of translations which are continuous functions from TV to 
TV. Note that continuous translations are fiber surjective automorphisms of 
TV and so they are measure preserving. 

Let d be a metrization of the topology on TV. This induces a metric t on 
Trans(TV) defined by 

t(g,h) — maxd(g(x),h(x)). (7) 

It is easy to see that Trans(TV) is a Polish group with this metrization. Simi- 
larly we will denote by Trans.; (TV) the set of continuous translations of height 
i. Note that by theorem[2]the set of Borel translations of height i is the same 
as the set of continuous translations of height i. 

From now on we assume that N is a finite rank fc-step nilspace. Our goal 
is to show that Trans(/V) is a fc-nilpotent Lie group which acts transitively 
on the connected components of TV. We will also show that if TV is connected 
then it is a nilmanifold obtained from Trans(TV) whose nilspace structure is 
given by the filtration {TranSi(TV)}f =1 . 

From lemma [2.211 we obtain that classes are imprimitivity do- 

mains of Trans(TV). This means that the action on <~fc_i classes induces 
a homomorphism h : Trans(TV) — > Trans(J r fe_i (TV)). It is clear that 
/i(Transi(TV)) C Trans, {T k -i (N)). Let M = 7" fe -i(TV) and let d' be the 
metric on M defined as the Hausdorff distance d'(x, y) = d(n^\ (x) , T^k-iiu))- 
Let us denote by t' the metric on Trans(M) defined similarly as in (01 from 
d'. 

Lemma 3.23. Let i be a natural number. There is a positive number e > 
such that if a £ Trans;(M) satisfies t'(a, 1) < e then there is (3 € 
Transj(TV) with h{0) = a. 

Proof. The translation bundle T* = T*(a, TV, i) is a k — i degree exten- 
sion of M by Ak- Our goal is to show if e is small enough then the cocycle 
describing the extension is a coboundary. If e is small enough then we can 
choose a Borel representative system S for the fibers of the map T* — > M 
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such that (x, y) G T represents an element in S then d(x, y) < £2- A stan- 
dard compactness argument shows that if e 2 is small enough then the cocycle 
corresponding to S is also small. Then lemma [3T9l and lemma |2~Tl finish the 
proof. 

□ 

Lemma 3.24. Assume that i > k. Then 

ker(/i) n TranSj(iV) = hom(M,V k _i(A k )). 

Proof. The elements of ker(/i) are those translations which stabilize every 
class in N. It follows that if a £ ker(/i) then the map a' : x M- 
a(x) — x can be viewed as a map from M to A k , Lemma [2.20| implies that a! 
arises this way if it is a homomorphism of M to T>k-i(Ak). It is easy to see 
that if in addition a' G TranSj(-ZV) then it is a morphism to Vk-i(Ak). □ 

Lemma 3.25. Let k,r > 1 be two natural numbers and A, B two com- 
pact abelian groups. Assume that B is finite dimensional. Then there is a 
constant e = e(r, B) > such that if <fi G Hom(2?/ £ (^4), D r (B)) satisfies 
d((f>(x), 4>{y)) < tfor every x,y G A then <f> is a constant function. 

Proof. Using that Hom(X> fc ( A), V r (B)) C Hom(Di(A), V r (B)) we can 
assume that k = 1 . Let <f> be an arbitrary non-constant morphism from T>±(A) 
toV r (B). 

For any t G A and function / : A — >• B we denote by A ( / the function 
x -> f(x)~f(x+t). With this notation we have that if / G Hom(X>i( J 4),2? i (S)) 
then A t / G Hom(Pi(A), for every t € A. It follows that 
Ati,t 2 ...,t r i s constant for every r-tuple of elements ti,t 2 , ■ ■ ■ ,t r in A. 
We obtain that there is a number i < r and elements tj., t 2 , • • • , U G A 
such that <j>' = Ati,t2,...,ti<f> is non-constant but A t 4>' is constant for every 
tEA.lt follows that </>' is a non-constant affine group homomorphism from 
A to B. In particular there is a constant c depending only on B such that 
there are x,y G A with d(<f)'(x), 4>'{y)) > c. We get that if the variation 
rnaxj^ d(cj>(x), 4>(y)) is too small this is impossible. In other words there 
is a non-zero lower bound (depending only on B and r) for the variation of 
(f>. □ 

Corollary 3.2. Let r > 1 be a natural number and B a compact finite di- 
mensional abelian group. Let N be a k-step compact nilspace. Then there 
is a constant e = e(r, B) > such that if ' <j> € Hom(iV, T> r {B)) satisfies 
d((j)(x), </>(y)) < e/or every x, y G N then (j) is a constant function. 

Proof. Assume that d((f>(x), 4>(y)) < e for every x, y G N where e = e(r, B) 
is the constant from lemma f325\ We prove by induction on k that <\> is con- 
stant. 

If k = 1 then iV is abelian and lemma [37251 finishes the proof. Assume 
that the statement holds for k — 1. We get from lemma [3725l that is constant 
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on the ~fc_i classes of N. This means that <ft can be regarded as a function 
on J-fc_i (N). Then our assumption finishes the proof. □ 



Lemma 3.26. The group ker(/i) is a Lie group. 

Proof. Let x 6 N be an arbitrary element and let F be the stabilizer of x in 
ker(/i). Then by lemma [37241 we obtain that kcr(/i) = F x Ak- It follows 
from corollary 13. 2l that F is discrete and since Ak is a Lie-group the proof is 



If L is a topological group then we denote the connected component of 
the unit element by L . 

Theorem 6. Let i be a natural number. Then the following statements hold. 

1. TranSi(iV) and TranSi(iV) are Lie groups, 

2. h(Tr&nsi(N)°) = Trans i (M)°. 

Proof. We prove the statements by induction on fc. If fc — 1 then N is an 
abelian Lie-group and all statements are clear. Assume that the statements 
hold for fc — 1. In particular we have that TranSj(M) is a Lie-group. 
First we show that 



To see this we use that TranSj (Al ) is a Lie group and so every element 
a 6 TranSi(Af) is connected with the unit element with a continuous path 
p : [0,1] -> TranSi(M) with p(0) = 1 and p(l) = a. Let n € N be 
sufficiently big and let ct!j = p((i — l)/n)~ 1 p(i/n). Then a = n"=i ai - 
Lemma [3.231 implies that if n is big enough then for every en there is /3j £ 
Transi(iV) with h(/3 t ) = a t . Let (3 = H™ =1 fc. We have that h(0) = a. 

The see the first statement we observe that ((HJ implies that /i(TranSj(iV)) 
is a Lie-group. It follows from lemma l3~26l that TranSi(A^) is an extension 
of a Lie-group by another Lie-group. Since TranSi(iV) is a Polish group 
and TranSi(JV) n ker(h) is a closed subgroup we get that TranSi(iV) is a 
Lie-group (See the appendix of IfTOl ). 

Now we show the second statement. Since h is continuous we have that 
h (Trans, (N)°) = /i(Trans 4 (iV)) . Equation (O implies that TranSj (M)° C 
h (Trans, (N))° and soTrans^M) C ^(TranSi(iV) ). The other contain- 
ment is trivial. □ 

Corollary 3.3. The action Trans(iV) is transitive on the connected compo- 
nents of N. 

Proof. By induction Trans(M) acts transitively on the connected compo- 
nents of M and furthermore Ak C Trans(iV). By theorem|6]Trans(M) = 
/i(Trans(7V)°). It follows that the group T generated by A k and Trans(iV) 
is transitive on the connected components of N. Since A® is a finite index 



complete. 



□ 



Trans^M) C ^(Trans^iV)) 



(8) 
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subgroup in A k we have that Trans(TV) is of finite index in T. This is 
only possible if Trans(TV) is already transitive on the connected compo- 
nents. □ 



Definition 3.4. A k-step nilspace is called torsion free if all the structure 
groups Ai have torsion free dual groups. 

Note that a compact finite dimensional abelian group A has torsion free 
dual group if and only if A is isomorphic to (R/Z) n for some natural number 
n. 

Theorem 7. If N is finite rank torsion free k-step nilspace then N is a nil- 
manifold with structure corresponding to the central series {TranSi (TV) }*- =1 
in Trans(TV) . 

Proof. We prove the statement by induction on k. If k = 1 then TV is an 
abelian group and the statement is trivial. Assume that it is true for k — 1. 
Let x 6 TV be any fixed point and let T be the stabilizer of x in Trans(TV) . 
It is clear from the compactness of TV and transitivity of Trans(TV) that T 
is a co-compact subgroup in Trans(TV) . It follows that TV is a nilmanifold. 
We have to determine the nilspace structure on TV. 

From theorem [6] and our induction hypothesis it follows that for every 
cube c € C n (N) there is a cube d G C n (N) such that d is translation 
equivalent with the constant x cube and 7Tfc_i(c) = 7Tfc_i(c / ). It follows 
from theorem Q] that c - d E C n (V k (A k )). Since A k C Trans fe (TV) it is 
easy to that c is translation equivalent with c' with translations from A k . □ 
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